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SUMMARY
Modeling of the elastic–plastic stress–strain response plays a central role in the design and failure
analyses of engineering components. With the focus to improve the representation of stress-strain
response under non-monotonic loadings, several models for cyclic plastic deformation have been
developed in recent years. However, due to the great complication involved in cyclic plastic
deformation, most of the existing models have limited capabilities to properly describe the
experimentally observed cyclic plasticity behavior. Hence, it is of interest to investigate the limitations
and capabilities of the models that are being increasingly used in applications.
The phenomenon ratcheting and shake-down are central in the design of components subjected to
cyclic plastic deformation. In ratcheting, there will be a progressive plastic deformation in contrast to
shake-down where a stable response will be reached. Hence, the aim is to either show shake-down or
show that the progressive strains remain limited within the prescribed load paths. Otherwise burst of
the component or premature fatigue damage will occur. A common procedure in engineering cases has
been to calibrate the model for stable stress-strain response only. This procedure has strong
limitations, since ratcheting and shake-down may be then very poorly predicted. Therefore, ratcheting
effects should always be observed in parameter determination.
The distinction between material and structural ratcheting is instructive. In the classical case of
thermal ratcheting, with a pressurized cylinder under cyclic thermal loading, ratcheting may occur
without any influence of material ratcheting. Ratcheting is promoted by the non-homogenous stress
distribution in the cylinder shell. However, experiments show that almost all materials show ratcheting
behavior under even homogenous stresses, which implies that ratcheting is also a material property. In
the design case where shake-down and ratcheting is of interest, awareness of the interplay of these
effects is necessary and hence reasonably accurate material modeling is necessary.
This literature study shows the limitations of the most commonly used models. The linear and multilinear kinematic models are unable of representing material ratcheting. Examples show that the
Chaboche model in its original form has better capability, but is also shown to be severely limited.
Some of the most advanced models are more promising, but still there exits basically no verification of
the validity of any model for arbitrary, complex load paths.
The determination of model parameters and conditions for robustly conservative analyses are
discusssed. It is suggested that further work is carried out in order to agree upon guidelines and
recommendations. These recommendations could serve to complement the existing codes, such as
ASME III.

SSM 2010:45

2

1.

INTRODUCTION

Cyclic plastic deformation is a phenomenon of practical interest in design of nuclear power plants.
Many components are analyzed in order to establish the margins to failure where cyclic plastic
deformations are involved. In fatigue cracking may occur due to a larger number of load cycles.
Typical for fatigue is that the damage accumulates gradually. The time for crack initiation and the
growth of smaller cracks may be long, whereas the time of growing larger cracks may be shorter with
an accelerated growth. On a microscopic level, fatigue is always associated with cyclic plastic
deformation. However, on the macroscopic level, i. e. the level where the analyses are performed, the
material may respond entirely within the elastic range. Cyclic plastic deformation on the macroscopic
level becomes increasingly important with higher load levels. A better estimation of the plastic strains
will certainly increase the accuracy of the fatigue analysis.
Experiments show that the cyclic plastic characteristics of a metallic material are different from the
monotonic. The difference may be large indeed, and monotonic experiments give hardly any
information on the cyclic behavior. Using monotonic data in the analysis of the cyclic behavior of a
component may lead to significant errors. Experimental determination of the monotonic behavior, and
estimating the yield limit are regularly carried out. Reliable results on the yield limit and hardening
behavior can be obtained with one rather simple experiment. The yield limit is then often used as a key
parameter in design.
The undertaking of experiments on cyclic loads is scarce in comparison. The cyclic plastic behavior of
metals is very complex, and any study will require a number of experiments in order to cover the
several aspects. One such aspect is the cyclic hardening or softening of the material. The hardening
behavior will change as the load cycles and the stress-strain behavior may become very different from
the monotonic. Under certain conditions a stable response will be obtained after a number of cycles.
Hence, cyclic stress-strain curves may be defined and expressed by mathematical relations. These
relations are useful but applicable only under limited circumstances since the metal response is history
dependent. Unique and repeatable cyclic stress-strain curves are obtainable only for samples with the
same load history. Two samples tested with the same cyclic stress or strain may give different results
depending on the load history. Prior higher loading may significantly alter the response.
An important design concern is the avoidance of progressive deformations that result from plastic
deformation that occurs cycle by cycle. This drift may be small in each cycle but as the number of
cycles grows the persistent deformations steadily increase. The design will finally burst or the
deformation will accelerate the fatigue process as a consequence of the excessive deformations. All
design codes have rules that should give safety margins against progressive deformations in order to
obtain a state of shakedown. It is customary to define two types of shakedown states, one where the
strains are entirely elastic or the other where cyclic plastic deformations occur without any
progression. The latter state is referred to as plastic shakedown, whereas the former is called is called
elastic shakedown. The opposition of shakedown is called ratcheting. In ratcheting, the material
continues to deform and does not shake down into a stable behavior. The reason for ratcheting can be
structural where ratcheting occurs as a consequence of non-homogeneous load state, where
equilibrium and continuity will demand that the component deforms progressively. A typical example
is the classical Bree cylinder. Most design codes, such as ASME, provides design rules against this
type of ratcheting. However, most metallic materials exhibit ratcheting behavior at homogenous load
states as well. Thus ratcheting behavior can also be seen as material property that does not require
non-homogenous stress state.
Existing theories of plasticity that intend to describe the macroscopic cyclic plasticity are
phenomenological of nature. The theories are based on the observation of some of the characteristic
experimental behavior in cyclic plasticity. Unlike in say statics or dynamics there is no possibility to
claim general applicability of a theory based on some fundamental principles. The range of
applicability must be tried and examined in experiments where setting the limits for a theory should be
investigated. In view of the fact that today’s codes allow for detailed elasto-plastic analyses it becomes
increasingly important to know the limitations and capability of a certain theory. Otherwise unphysical
responses may be predicted with large errors as a result.
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This study will examine the limitations and capabilities of some of the most commonly used models in
cyclic plastic deformation. The models are studied especially in view of the ASME III, NB 3228.4/41/,
criterion that strains should never exceed 5% at any time during the load sequence. This criterion is
given in order to secure margins against ratcheting if a plastic analysis is performed as an alternative to
design by analysis. This type of analysis provides an opportunity to cut margins, but the demands for
accurate modeling of cyclic plastic deformation will increase. This accuracy is investigated in this
report.

2.

CYCLIC MATERIAL BEHAVIOR

2.1

The Bauschinger effect and stable cyclic loops

The Bauschinger effect is central in cyclic plasticity. This effect denotes the characteristics of the
cyclic stress-strain relation, with a hysteresis loop with the dissipation of energy at each cycle. Upon
loading the yield strength is increased in the direction of the load, while simultaneously decreasing the
yield strength in the opposite direction. In a purely cyclic load, i. e. no additional mean stress or strain,
the effect will be evident. After a number of load cycles, a relatively stable cyclic relation is
approached, as shown in figure 2.1-1. Modeling the Bauschinger effect is essential for any model for
cyclic plasticity, and it is noteworthy that this effect cannot be captured by traditional isotropic
models. Figure 2.1-1 shows a very schematic illustration of the Bauschinger effect, with the immediate
appearance of a stable loop. A real case is shown in Figure 2.1-2.

Figure 2.1-1. Schematic illustration of the Bauschinger effect (Jiang /23/).
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Figure 2.1-2. The Bauschinger effect in a hysteresis loop for an austenitic material (van Eeten/14/).
Note the difference between the initial cycle and the subsequent loops, which tend to stabilize after a
number of cycles.
One type of characterization of cyclic plasticity is obtained by the registration of stable Bauschinger
loops at different load levels. Usually the strain is controlled. The load is cycled until a stable stressstrain response is registered for each load range. The load ranges are increased in a stepwise manner to
determine the corresponding stable loops at each load level. Alternatively, a separate specimen is used
for each load level, which will give equivalent results. The resulting relation between the saturated
stress-strain ranges is sometimes expressed by a mathematical relation, on a form similar to that of
Ramberg-Osgood:
1

    m
 (%)   e   p 


E  K 

Eq. 2.1-1

Graphically, this relation can be constructed by adjoining the peaks of the loops. This is
shown in Fig. 2.1-3, with a comparison with the monotonic curve.

Figure 2.1-3. Subsequent stable loops at increasing load levels forms the saturated curve, and is
compared to the monotonic curve (van Eeten /14/).
The mathematical relation in Eq. 2.1-1 is simple and easy to use in analyses. However, it should be
noted that it’s applicability is limited and is certainly not a unique material property. The behavior of
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the material will depend much on the prior loads. Any overload will disturb the relation, as well as the
introduction of non-symmetric loads. The cyclic behavior at a prescribed load is found to be
significantly altered previously higher strain ranges. This is sometimes termed the strain range effect.
Furthermore, the equation of type Eq. 2.1-1 implies that there should be a linear relation between the
stress range and the plastic strain range in the log-log diagram. This has been examined in some recent
testing, ref. Jiang /23/.The experiments on SS304 readily show the limitations of Eq. 2.1-1, even at
appropriate load sequences. The relation for the cyclic stress-strain ranges are far from linear, which is
shown from Fig. 2.1-4. The curve of the stabilized loop tips shows the relation between the plastic
strain range,  p , and stress range,  . This curve should be straight in Fig. 2.1-4 if Eq. 2.1-1
would be valid, which is obviously not the case.

Fig. 2.1-4. Stress-strain range relation for cyclic loads in SS304. The curve Stabilized Loop Tips
should be linear in order for a Ramberg-Osgood relation to be accurate. (Jiang/23/)

2.2

Cyclic hardening and softening

In the previous section the concept stable cyclic loops was discussed. This shall be examined more in
detail in this section. Most materials display more or less cyclic hardening (or softening). The
(relatively) stable loops are obtained after pronounced hardening in the first cycles. The level of
hardening/softening can be examined by registering the stress level as a function of the number of
cycles, with a load in strain control. The hardening behavior of a type 304 austenitic material is shown
in Fig. 2.2-1 below. It is noted that some softening occurs at the low load levels, and the softening
continues for rather high number of cycles. Significant hardening is shown for the higher loads, with
amplitudes over approximately 1%.

SSM 2010:45

6

Figure 2.2-1. The evolution of stress amplitude with the number of cycles for SS304. The load is fully
reversed strain control, with the amplitude denoted at the end of each curve (Jiang /23/.)
In order to demonstrate the history dependence it is very instructive to perform the experiment in Fig.
2.2-1 but starting the experiments with a few over loads before continuing with the prescribed strain
amplitude. In the experiment in Fig. 2.2-2 the load level  2  0.006 is preceded by ten load cycles
at  2  0.03 . The difference in hardening behavior with and without prior overloads is evident. The
constant amplitude loading shows a slight hardening, whereas the two step load case shows softening,
and the constant amplitude case is slowly approached. This leads to the conclusion that the hardening
is not a unique material property. Neither can the hardening be modeled as a change of yield stress or
modeled as isotropic hardening. If the hardening behavior would be isotropic, cyclic saturation of the
stress response would mean that no more hardening would occur. However, tests with loading in
several steps shows that hardening will persist even after saturation on a prior load level (Jiang/23/).
This finding is in opposition to isotropic modeling, where cyclic saturation would prohibit any further
hardening/softening.

w overload

w/o overload

Figure 2.2-2. The evolution of stress amplitude with the number of cycles for SS304, in cases with or
without prior overloads (Jiang/23/). Both specimens are loaded with the same strain amplitudes,
however the upper is loaded by ten overloads before testing.
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Another type of hardening occurs due to non-proportional load condition. This phenomenon is denoted
non-proportional hardening. Its nature can be examined by performing experiments at the same strain
levels, but changing the direction of the load. This can be obtained by applying a sequence of uni-axial
strain cycles in combination with pure shear strain cycles. If the relation between the uni-axial strain
ranges and the shear strain ranges is    3 the load levels can be regarded to be the same,
excluding influence on hardening due to overloads. The results in Fig. 2.2-3 show that immediate
hardening occurs between step one and step two, due to the change in loading direction only. Compare
also step one and step three, in which the specimen is subjected to exactly the same shear strain. The
difference is simply that step three was preceded by step two. Hence, the preceding uni-axial loading
must be the cause of the much higher stresses in step three than in step one.

Fig 2.2-3 Non-proportional hardening in SS304. The same specimen is cyclically loaded in three steps.
Note the much higher stresses in step3 than in step 1 (Jiang/23/)
A specific type of hardening has been observed as secondary cyclic hardening. This hardening effect
seems to occur for some austenitic steels after a larger number of cycles. Solin et. al. /37/ showed
results where secondary hardening occurred for all load levels, but is most prominent for low load
levels. The specimens where tested in air at room temperature. For strain amplitudes near the fatigue
limit, (at 0.195% ) the secondary hardening is pronounced from 105 load cycles and onwards, see Fig.
2.2-4. This hardening will significantly decrease the portion of cyclic plastic deformation. Secondary
hardening has been noted to have a significant influence on the constant amplitude fatigue limit as the
amount of cyclic plastic deformation dramatically decreases and further fatigue damage accumulation
is interrupted. The conditions for secondary hardening to occur or not is not known. It seems that some
austenitic steels may show secondary hardening whereas, other may not. This is an important issue
due to the impact on the fatigue limit. Chopra et. al. at ANL/12/ conducted similar experiments on a
SS316, but observed no tendency for secondary hardening in room temperature which is in contrast to
the VTT results, see Fig. 2.2-5. However, some tendency for secondary hardening occurred at T=288
o
C.
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Fig 2.2-4 Cyclic hardening under several load levels for an austenitic steel, SS347. Note the secondary
hardening for the low strain amplitudes (Solin, /37/)

Fig 2.2-5 Cyclic hardening under several load levels for austenitic steel as tested by ANL
(Chopra,/12/)
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3

MATERIAL RATCHETING

3.1

Basic behavior

Material ratcheting is a form of ratcheting which occurs under cyclic loading even in the absence of
structural effects. Unlike structural ratcheting, it occurs even if the stress is distributed
homogeneously. The effect can thus be seen as purely related to the material. The amount of ratcheting
can be measured in experiments, albeit there is no universal definition. The strain caused by ratcheting
accumulates progressively in one direction. (This is not to be confused to what is sometimes referred
to as the accumulated effective strain which is a measure of the absolute length of the strain load
trajectory. The accumulated effective strain is always strictly increasing, regardless if the load is
monotonic or cyclic. Hence, the accumulated effective strain is not a useful measure of ratcheting. The
accumulated strain may very well be increasingly large, without any ratcheting to occur.) In the
context of ratcheting, the term "strain accumulation" means an increase in plastic strain by adding
increments of plastic strain with their correct sign. In practice, the residual strain that persists after
cyclic loading can be seen as a measure of the ratcheting strain.
Typical material ratcheting for specimens in uni-axial loading is shown in Fig. 3.1-1. All these
specimens are subjected to a homogeneous, uni-axial, load, excluding the influence of the structure. A
mean stress deviating from zero is necessary for material ratcheting to occur. Note how the strain
continues to increase in one direction, which is the actual ratcheting behavior. The strain caused by
ratcheting increases incrementally in a cycle-by-cycle manner. Characteristic of material ratcheting is
that the material is loaded with a constant stress along with the prescribed cyclic stress load. The
constant load and the load range are the two determinant parameters in ratcheting. Material ratcheting
is a common behavior for most metals, and no of the listed references can show a metallic material
that does not exhibit ratcheting under these load conditions.

Fig. 3.1-1. Material ratcheting under typical load conditions. Three entirely different materials exhibit
ratcheting behavior. (Jiang/23/)
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Some definitions are useful in order to quantify ratcheting and to compare different situations. The
ratcheting strain increment (per cycle),  p , can be mathematically defined as the difference in strain
between two subsequent loads. The total strain can be taken as the mean plastic strain between the two
subsequent loads,  p mean . It should be noted that the mean strain must be taken with sign. A useful way
of registering the amount of ratcheting is to measure the evolution of  p and  p mean under cyclic
loading. These entities are illustrated in Fig. 3.1-2.

p
p mean

Fig. 3.1-2. Definition of strain ratcheting increment and mean strain.
A typical way of registering ratcheting is to measure the mean strain as a function of load cycles. A
good illustration is found in ref. /21/ by Haupt and Schinke. An SS316 material was tested for material
ratcheting under a number of conditions. The mean stress as well as the stress amplitude was
controlled, and several specimens were tested with different load conditions. The results can be seen in
Fig 3.1-3, where the mean strain is shown as a function of the number of cycles. The loading is uniaxial. It is noted that the mean strain steadily increases, which corresponds to steady prolongation of
the specimens. This is a typical material ratcheting behavior. Note that ratcheting is the most
pronounced during the initial loadings. This is a common feature with ratcheting and is sometimes
denoted transient or better as primary ratcheting. The phenomenon can be seen in Fig 3.1-3, where the
more pronounced ratcheting occurs in the beginning. In the secondary ratcheting the mean strain
develops more slowly, despite unaltered load conditions.
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Primary ratcting

Secondary ratcheting

Mean stress / stress amplitude [MPa]

Fig. 3.1-3. Ratcheting under different load conditions for an SS316 material (Haupt/21/).
The ratcheting behavior and the rate of ratcheting are dependent of both the mean stress and the stress
amplitude. Both parameters are necessary to characterize ratcheting. However, the mean stress seams
to have some slightly dominating influence. Compare for example cases V6, V8and V9 or cases V4,
V5 and V7 in Fig. 3.1-3. An increase of 20 MPa in mean stress increases ratcheting more than an
increase of 20 MPa in amplitude.
Common for all load combinations in Fig. 3.1-3 is that the rate of ratcheting decreases with the
number of loads. The decrease of the ratcheting rate is referred to as ratcheting decay. Ratcheting
decay is commonly observed for all types of material. An interesting investigation was performed by
Jiang/23/. The ratcheting rate of ratcheting decay was measured under constant loading conditions for
several materials. Jiang/23/ showed that the decay seemed to follow exponential relations. Hence, the
relation between  p and the number of cycles should be approximately linear in the log-log diagram,
under fixed ratcheting loads. These relations are shown in Fig. 3.1-4.
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Fig. 3.1-4. Ratcheting rate displays a nearly exponential dependence on the number of cycles
(Jiang /23/).

3.2

MATERIAL RATCHETING UNDER COMPLEX
LOADING CONDITIONS

The ratcheting behavior becomes more complex with the complexity of the loading. A prominent
example is given by Jiang et. al. /23/. The structural steel 1070 was used in the experiments. In the
first case, the ratcheting load follows after one large single monotonic load, up to a strain of 4.5%. The
subsequent ratcheting load, step two, was stress controlled with a mean stress of 100 MPa and a stress
amplitude of 420 MPa. It is remarkable that the strain increment,  p , in step two is negative, i. e.
opposing the mean stress. The specimen actually shrinks despite the presence of a positive mean
stress! This is shown in Fig. 3.2-1. This phenomenon is in strong contrast to the ratcheting behavior if
the ratcheting load would have been applied without any prior loading.
This phenomenon was further investigated by applying two different levels of ratcheting loads. The
stress amplitude is the same for the two steps, 403 MPa, but the mean stress was lowered, from 208
MPa in step one to 78 MPa in step two. The mean stress however remained in the positive direction,
so the positive mean stress is maintained throughout the two load steps. Also this time, the ratcheting
strain increment is negative in step two.
These results clearly demonstrate the history dependence of ratcheting behavior.
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Ratcheting
behavior after a
monotonic load

Ratcheting
behavior in two
steps

Fig. 3.2-1 Two conditions under which ratcheting occurs in the opposite direction of the mean stress.
The material is carbon steel 1070. (Jiang/23/)
Similar two step experiments on an austenitic type SS316 were performed by Haupt/21/. These
experiments did not show negative ratcheting with a lowered mean stress, rather immediate
shakedown occured, see Fig. 3.2-2. This is different from the Jiang results for the 1070 steel in Fig.
3.2-1. It is uncertain whether this difference depends on the load condition or the type of material. It is
noted that the lowering of the mean stress is much larger for the Jiang/23/ tests than in the Haupt
tests/21/ for SS316, which may be a possible cause. A test on SS316 with larger difference in mean
stress between the two steps could indicate if negative ratcheting is a general phenomenon or
depending on the material.
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Mean stress/Amplitude
During first 100 cycles
After 100 cycles

Fig 3.2-2. Two step cyclic loads for an austenitic 316 material. The load for each specimen is
decreased after 100 cycles. Haupt et. al. /21/.
Chaboche/8/ has discussed the ability for plasticity models to capture ratcheting for loads in several
steps. This has been a challenging task for the models. An experiment that has been subjected to
discussions on the models capability is shown in Fig. 3.2-3. The material is stainless steel type SS316.
The experiment was carried out under constant stress amplitude 200 MPa, but the mean stress is
increased in subsequent steps of 20 MPa. The number of cycles at each level is more than 600. An
important observation is that secondary ratcheting, or even almost shakedown, is reached after fewer
cycles for lower mean stress than for higher mean stress. The tendency towards shakedown is
weakened for the higher mean stresses.
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( ≈ mean strain )

Fig. 3.2-3. Experimental results as discussed by Chaboche /8/
Similar tests to those discussed by Chaboche were carried out by Haupt/21/, also on type SS316
material. The tests lead to similar results as those obtained by Chaboche.

Fig. 3.2-4. Experimental results for an increased load in two step, Haupt/21/. Compare with Fig. 3.2-3.

3.3

Material ratcheting and cyclic softening

Quite extraordinary results are demonstrated by Hassan et. al. in 1992/17/. A carbon steel CS 1020 is
tested for uni-axial material ratcheting. The ratcheting rate is clearly increasing, which is contrary to
the ratcheting decay observed above. It is further claimed that the cyclic softening of this material is
responsible for the accelerated ratcheting. A complementary test is performed, where the specimen is
pre-cycled at zero mean stress in order to stabilize the material. This time much more stable ratcheting
behavior appears, even if too few cycles are applied in order observe ratcheting decay.
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Ratcheting acceleration

Stable ratcheting after
stabilization of the material

Fig. 3.3-1. The material CS 1020 exhibit ratcheting acceleration (as opposed to ratcheting decay).
Hassan et. al. /17/.

3.4

Multiaxial ratcheting

Biaxial ratcheting experiments are often used in order to determine model parameters. The typical
biaxial case is obtained in a pipe, with different combinations of hoop stresses/strains and axial
stresses/strains. The simplest case is obtained with a constant pressure (hoop stress) in combination
with varying the axial strains. Somewhat more complicated load conditions are obtained if the
pressure is also varying. These biaxial load conditions have the ability to create ratcheting strains in
the circumferential direction.

Fig. 3.4-1. Three types of biaxial loading conditions.
From a modeling perspective, it is interesting to note that ratcheting under multiaxial load conditions
can be obtained even without the capability to represent material ratcheting in the uniaxial sense. An
example of this can be found in the work by Bari et. al. /2-4/, where ratcheting is provoked under some
cases of multiaxial loading conditions. Each case is also analyzed by a linear kinematic model (LKIN)
which is not capable of representing uniaxial material ratcheting. In spite of this, the LKIN model can
exhibit ratcheting behavior under the multiaxial loading condition. This leads to the conclusion that
the ratcheting behavior can occur without any involvement of uniaxial material ratcheting.
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Fig. 3.4-2. Ratcheting under mulitaxial loading condition, comparing experiment and analysis with a
LKIN model. Note the model’s disability to represent material ratcheting (Bari, /2/).

4

MODELS

Development of models for in-elastic behavior of materials has been an area for substantial
development over the past 20-30 years and is still a very active research area. New models are
developed even recently. Today’s FE codes provide models for the analysis of plastic deformation of
metallic materials, even though the most recent models are yet to be implemented. The details of the
models will not be described. However, the basic ideas behind the models will be outlined.
There will be no detailed outline of the theoretical basis for plasticity models. The book by Ottosen et
al /34/ is recommended for a profound treatment of the theoretical basis. Some of the basic concepts
shall however be outlined.
This outline will be restricted to Mises plasticity since this will make up for a more convenient
description.
All model discussed in this report are based on the concept of a yield surface. This means that there is
a surface defined in the stress space within which no plastic deformation can take place. For timeindependent plasticity (which is the focus of this project) plastic deformation can only take place if the
stress state is such that

f ( )  0

Eq. 4-1

Moreover, during loading the change of the yield function has to equal zero
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df  f  0

Eq. 4-2

In Mises plasticity it is assumed that plasticity is controlled by the second invariant, J2, of the tensor of
the deviatoric stress. The deviatoric stress equals the real stresses except that the average stress (the
hydrostatic stress) has been subtracted
S   I

h

Eq. 4-3

3
The equivalent Mises stress, is formulated on basis of the deviatoric stress

 eq 

3
SS
2

Eq. 4-4

There is a corresponding equivalent plastic strain, also essential in the modeling, is defined as:

 eqp 

4.1

2 p p
 
3

Eq. 4-5

Isotropic hardening

The hardening that only includes surface expansion in the stress space is called isotropic. This type of
hardening has less importance for cyclic loading. Isotropic hardening alone is incapable of describing
a cyclic behavior that includes repeated cyclic deformation. However, isotropic hardening is
sometimes used for the purpose of modeling aspects of cyclic hardening mechanisms.
A common formulation is to describe the yield surface radius as a function of the accumulated
equivalent plastic strain, R  R( eqp )   0   ( eqp ) , with  0 being the elastic limit. The radius R will
expand as  eqp increases during loading.

1

Current yield surface, f=0

R

2

3

Initial yield surface
Fig. 4.1-1. Yield surface translation in isotropic hardening.

4.2

Kinematic hardening

The type of hardening in which the yield surface translates is denoted kinematic hardening. The
position of the yield centre, X , and its translation is essential. The modeling of kinematic hardening is
central in cyclic plasticity and different kinematic models have been developed. The difference
between the models is how evolution of the centre, X , is described. The parameter X is sometimes
called the back stress tensor.
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1

Current yield surface, f=0

X

2

3

Initial yield surface
Fig. 4.2-1. Yield surface translation in kinematic hardening.

4.3

Kinematic models in commercial FE programs,
ANSYS and ABAQUS

4.3.1 Linear kinematic hardening (LKIN)
In this section kinematic models are further investigated. The simplest assumption for the
evolution of the back stress tensor is to assume that it varies linearly with the plastic strains.
This assumption which is according to Melan-Pager reads:
2
p
Eq. 4.3.1-1
d X  Cd 
3
This model can describe stable loops in cyclic loading, including the Bauschinger effect. However, the
linearity makes the approximation of the Bauschinger effect rather crude. One special case of the
LKIN model is with zero tangent modulus, which will be identical to the perfectly plastic model (PP).

σ
σy

ε

Fig. 4.3.1-1 Linear kinematic hardening

4.3.2 Multi-Linear kinematic hardening (Mroz)
The multi-linear kinematic hardening model presumes that the material hardening takes place along
linear segments in a piecewise manner. For each segment the value of a constant hardening modulus,
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H k  d d p , is chosen. This corresponds to the employment of a set of linear kinematic models
with several yield surfaces, each described by a yield function, f k . Pure elastic response can only
prevail as long as the stress state is entirely within all yield surfaces, i. e. within the smallest of the
surfaces. This model is capable of describing accurately the Bauschinger effect in cyclic loops.
However, this model cannot describe material ratcheting. This has to do with the fact that the model
always will produce symmetric loops, regardless of the mean stress. The symmetry implies that the
plastic deformation will be the same in both directions, excluding any material ratcheting.

1

σy

H2

H3 H4

H5

H1
E

ε

2

3

Figure 4.3.2-1. The Mroz concept of several yield surfaces.

4.3.3 Armstrong-Frederick (AF)
A more sophisticated model that better captures the real physical behavior was developed by
Armstrong and Fredrick/15/ in 1967. The basis of the model is the addition of a “fading memory term”
to the evolution law for linear kinematic hardening.
This addition reads:
2
p
d X  Cd    X d eqp
Eq. 4.3.3-1
3
The two parameters C and  are the material parameters to be determined. The model can be regarded
as consisting of two yield surfaces. This model will have a variable hardening modulus upon loading
as long as the yield surface is not in contact with the bounding surface. As the inner surface gets in
contact with the bounding surface, the model will be ideally plastic and the plastic modulus will be
zero. The bounding surface will be fixed in the stress space and it can be shown that the maximum
effective stress can be written
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 eq ,max   0 

C

Eq. 4.3.3-2



Figure 4.3.3-1. The yield surface and bounding for the AF-model are shown. (Lemaitre/31/.)
The smooth tangent modulus, enables a good representation of the Bauschinger effect. The most
prominent improvement regards ratcheting under an asymmetric stress load. Unlike the MLKIN
model, the plastic deformation will be different in loading and reversed loading with the presence of a
mean stress different from zero. Thus the model can represent material ratcheting under uni-axial
condition. In fact, the model will always provide a constant ratcheting rate with non-zero mean stress.

4.3.4 Chaboche model
The AF model was further developed by Chaboche/6/. This development was shown to improve the
capability and flexibility of the model. The basic idea is a superimposition of several non-linear
kinematic models.
dX 

n

n

2

 d X    3 C d 
i

i 1

i

i 1

p
i


  i X i d eqp 


Eq. 4.3.4-1

This model has the same basic features as the AF-model. It is noted that the model becomes identical
to the AF model with n=1. The increased number of parameters significantly increases the capability
and flexibility of the model. Most notably, the constant rate ratcheting is avoided, and the model can
represent ratcheting decay. Parameter determination is discussed later in this study. This discussion
will further show the behavior and characteristics of the model. The model with n>1 is sometimes
referred to as the superimposed Chaboche model.

4.3.5 AF model depending on field variables
It is possible instead to make the material parameters dependent on other variables, as an alternative to
the superimposed Chaboche model. Van Eeten-Nilsson/14/ lets the parameters C and  depend on the
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p
maximum previous strain range,  max
, thus enabling an improved representation of cyclic hardening
in comparison to the basic AF-model.









2
p
p
p
d X  C  max
d     max
X d eqp
3

4.4

Eq. 4.3.5-1

Advanced kinematic models (presently non
existent in commercial codes)

A few of the more advanced models are briefly outlined. Chaboche/8/ made further refinements of the
superimposed model in order to enhance the capability for material ratcheting (Chaboche with a
threshold). This model is composed of four superimposed models, where the fourth consists of a
threshold value for the recall term. This term is activated only for larger values of the back stress
tensor X 4 . (The bracketed expression takes on it’s value only when larger than zero. Thus the recall
term will be activated only when


p
2
d X 4   C4 d  4   4 1 
3



3
X 4 X 4 is larger than the constant X 4 .)
2

X4
3
X4 X4
2



p 
X 4 d eq  Eq. 4.3.5-1



Bari et al /4/ suggested a further development of the Chaboche model with a threshold, the modified
Chaboche model. A complementary parameter, ’, is implemented in the hardening rule. This
parameter will not affect uni-axial ratcheting. Instead, the parameter can be used in order to improve
the multi-axial ratcheting behavior.
Moreover, the kinematic model can be combined with an isotropic hardening model. The traditional
isotropic hardening model can to some extent simulate cyclic hardening though with strong
limitations. In order to overcome this shortcoming, the concept of a strain space surface can be
utilized, the index surface (Lemaitre, Chaboche, /31/). Additional variables are then the index surface
centre and size, which enhance the capability to simulate the strain range effect, and capture different
regions of either cyclic hardening or cyclic softening.
The most recent developments of the Chaboche are extensions of the modified Chaboche model. A
recent paper is presented by Krishna et. al. /27/, which presents a further development of the
modifications presented by Bari et. al. /4/. This model incorporates several additional parameters, with
the aim to increase the flexibility of the model. The agreement with experiments is clearly improved.
The obvious drawback is that parameter determination is becoming far more complicated.
Another model is proposed by Ohno-Wang and discussed in ref. /33/, the Ohno-Wang model. This
model is based on the multi-linear representation, MLKIN. The Ohno-Wang model appears in some
different versions. The model OW1 does not model material ratcheting, whereas OW2 involves a
correction in order to capture material ratcheting. In most cases, the reference to the Ohno-Wang
model, will mean OW2, i. e. the version that can handle material ratcheting. Another notable version is
the so-called modified Ohno-Wang model, in which modifications are introduced in order to improve
the representation of multiaxial ratcheting /10/.
For more detailed description of the mathematical background the reader is advised to consult the
reference list. A good suggestion is the works by Bari et. al. /2-4/ which describes a large set of
models.
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5

STRUCTURAL RATCHETING

5.1

Bree type ratcheting, type A

Structural ratcheting can occur even without any influence of material ratcheting. This type of
ratcheting is instead governed by the inhomogeneous stress state. The phenomenon can be analyzed
with simple elasto-plastic models.
The classical case of structural ratcheting is the so called Bree cyclinder /5/. In this case a cylinder is
subjected to a primary load, the internal pressure, and the inner surface is simultaneously subjected to
a cyclic thermal load, which is by nature secondary. A rather straight forward analysis can show that
the cylinder diameter will progressively increase under certain load combinations, increment by
increment for each load cycle. This may happen even if the elastically computed stress range is within
the elastic limits, i. e. the conditions for elastic shake-down are met,  elastic  2   0 . The mechanism
is commonly known as thermal ratcheting, which is a category of structural ratcheting. If thermal
ratcheting is not prevented, final burst of the cylinder may occur or the fatigue process is accelerated.
The pressure vessel standards normally include rules for addressing risks associated with thermal
ratcheting. Applicable standards, such as ASME III/41/, consider thermal ratcheting Bree case by
rather simple formulas.

Deformed
cylinder will
finally burst

Static internal
pressure and
alternating
thermal load

Figure 5.1-1. Bree cylinder with static pressure and alternating thermal load in thermal
ratcheting
An instructive and illustrative way of understanding structural ratcheting is to study a two bar system.
This system is analogue with the Bree cylinder, but is simpler to analyze and hence to demonstrate the
basic thermal ratcheting behavior. The system will be subjected to a primary load, the force P, and one
of the bars is subjected to an alternating thermal strain,  0 . This strain is repeatedly applied and
removed.
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Bar 1
A1, P1
P
Bar 2
A2, P2
Alternating thermal
strain, 0
Figure 5.1-2. Simplistic model of structural ratcheting

The basic equations for analysis can be easily set up.
The conditions are:
(Equilibium)
P  P1  P2   1 A1   2 A2

1   2
Where:

(Continuity)
P is the force pulling the bar
P1, P2 is the force in bar 1 and bar 2
1, 2 is the stress in bar 1 and bar 2
A1, A2 is the cross-sectional area of bar 1 and bar 2
 1, 2 is the end deformation of bar 1 and bar 2

Length of bars

The example is solved with an elastic-perfectly plastic model. The force P is constant and the
homogeneous thermal strain ε0 is cyclically added to bar 2. Under the right conditions the bars will
deform progressively and the length of the bars will become infinite. The ratcheting behavior can be
seen Fig. 5.1-3 where the length of the bars vs. number of cycles is plotted for the analytical example.
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Fig. 5.1-3. The length of the bars vs. number of cycles in an analytical example of structural
ratcheting.
The results are often compiled in a Bree diagram /5/. A system like the one in Fig. 5.1-2 can end up in
four states. The system can respond with entirely elastic strain throughout (E) or elastic shakedown (S)
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prevails after some initial plastic strains. Another possibility is that plastic shakedown (P) is obtained
after some cycles. The ratcheting behavior in Fig 5.1-24is denoted (R). The final possibility is that the
systems deforms monotonically, with unlimited plastic deformation, resulting in collapse(C). For a
two-bar system the case with equal bars will be special. In Fig 5.1-4, the Bree diagram for a two-bar
system is shown. The normalized primary load is on the x-axis and the normalized thermal load is on
the y-axis.
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A1=A2
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1,0
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E

0
0

P
Plimit

0,25

0,5

0,75

P
Plimit

1

1,25

Fig 5.1-4. Normalized Bree diagram for the two-bar system. Left diagram is the special case with
equally sized bars.
The same thermal ratcheting analysis can be performed for the cylindrical pressure vessel, however
some more tedious mathematical work is required. These calculations can be found in Bree’s original
paper from 1967 /5/. In fact, the rules in ASME III for ratcheting are based on these considerations.

y: yield stress
p: primary stress
t: thermal stress

Fig 5.1-4. Schematic Bree diagram for a cylindrical pressure vessel, analyzed with constant,
temperature in dependent yield stress without hardening. From Bree original paper, 1967 /5/.
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1,5

1,75

5.2

Structural ratcheting without primary stress, type B

Recent years have experienced a focus on configurations that, unlike the Bree case, does not require a
primary load in order for structural ratcheting to occur. This situation is best illustrated by a three-bar
system. Such a system is shown in Fig. 5.2-1.

Ratcheting without primary
load, (cp. Fig 5.1-4)

Fig. 5.2-1. A three-bar system that can exhibit structural ratcheting without a primary load. The
corresponding Bree diagram is shown. From Hübel /22/.

The origin of the interest for this configuration stems from the problem of a cylinder that is
subjected to a temperature gradient that travels in the axial direction. This problem has
attained quite extensive focus in conjunction with the interest for Fast Breeder reactors (FBR),
where this is of practical interest. Several references /25, 29, 30/ deals with this problem. An
instructive discussion on the different types of ratcheting is done by Hübel in ref. /22/.

6

MODEL CAPABILITIES

6.1

Material ratcheting

An important question is to what extent and with what accuracy the models can handle different forms
of ratcheting.The LKIN models and the MLKIN model are incapable to represent any uni-axial
material ratcheting at all. Immediate shakedown will occur at cyclic loading. Thus these models are
not applicable in cases where this type of ratcheting is of importance.
The AF-model can take material ratcheting into account. It seems to be a general experience that an
AF-model that is calibrated for stable cyclic curves will over-predict ratcheting. A typical feature is
also that the important behavior of ratcheting decay cannot be represented. In fact, the AF-model will
always give a constant rate under fixed stress amplitude and fixed mean stress. Since ratcheting decay
is a general phenomenon for a stabilized material, the AF model is bound to overestimate the rate in
the long run. Note the behavior in Fig 6.1-1 where the ratcheting behavior is constantly overestimated.
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Thus the AF-model may have some applicability in cases where conservatism is needed and can be
secured by the AF-model.

Fig 6.1-1. The figure (a) shows the Bauschinger effect quite well represented by the AF-model.
However, all ratcheting rates are overestimated. Pure material ratcheting is shown in (c). Bari/2/.
The Chaboche model (in it’s superimposed) form has better capability. A direct comparison with the
AF-model in Fig. 6.1-1 is found in Fig. 6.1-2. Still, a general trend is that the ratcheting rate is
overestimated, for all cases. The modified Chaboche /8/ model was developed in order to enhance the
capability for material ratcheting. The basis was an experiment with stepwise increase in the mean
stress. As clearly shown in Fig. 6.1-2, the ratcheting is greatly influenced by the mean stress. The
material in this case is SS316. It is noted that the results by Haupt/21/, Fig. 3.1-3, lead to the same
conclusion, namely that the mean stress is the main parameter for material ratcheting. Analyses with
different hardening models are analyzed by Chaboche /8/. The results for a model with linear
hardening (LK) and a three-parameter Chaboche model (NLK) is shown in Fig. 6.1-3. As expected,
the linear model predicts no ratcheting. The Chaboche model predicts increased ratcheting rate for
increased mean stress. However, the shape difference between the rate evolution between low and
high mean stress was not modeled well. Improvements are obtained with the modified Chaboche
model, where a threshold is imposed on the fourth term. The modified Chaboche model is termed
NLK-T in Fig. 6.1-3. Note that the mean stress dependency is far better captured with the modified
Chaboche. The modified Chaboche model was also investigated by Bari /2000/. This investigation
shows some slight improvements by the Chaboche model. These improvements hold for the uniaxial
ratcheting experiments. Still, overestimation of biaxial ratcheting persists. See Fig 6.1-4.
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Fig 6.1-2. Ratcheting results for the Chaboche model, with three superimposed models. Bari /2/
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Fig 6.1-3. Ratcheting analysis of the experiment in Fig. 3.2-3. The modified Chaboche model (NLKT) improves the simulation. The NLK model represents the conventional Chaboche model.
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Fig 6.1-4. Ratcheting results for the modified Chaboche model, with a threshold on the fourth
superimposed model. Compare with Fig. 6.1-2 and note some improvements for the uniaxial
ratcheting experiments. Bari /2/

6.2

Model comparison for structures

6.2.1 Bree Cylinder
There are few evaluations of how the material models apply to structures. Steingrimsdottir/38/ made a
numerical study where the simple two-bar model was analysed with the conventional models. All
models were calibrated to give representative responses for the strain and stress peaks at cyclic stable
loops. The Chaboche model was further calibrated with the Haupt ratcheting results in Fig. 3.1-3.
Although the ratcheting could only be quantitatively well represented only in a very narrow range of
results, the trends were right at large. None of the other models, elastic perfectly plastic(PP) and the
multilinear kinematic modeling(MLKIN) could display any material ratcheting. The results were
summarized in a Bree type diagram and significant differences were found. No experimental results
were available to determine which model is the most representative of the real behavior. However,
these findings highlight the strong importance of the choice of model. It is noted that the MLKINmodel clearly estimates much less ratcheting behavior than the other models.
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Noteworthy, is the region in Fig. 6.2.1-1 where the PP model predicts ratcheting, where the Chaboche
model does not. This is the region with relatively high primary load, i.e. the region for classical
structural ratcheting. The ratcheting for the PP model is hence a pure structural effect, and can be
controlled by the setting of the yield limit. It is noted that the PP model can only predict ratcheting
under the presence of a primary load well above zero. This is in contrast to the Chaboche model that
predicts ratcheting with an almost negligible primary load. The PP model predicts plastic shakedown
in this region. It is probable that ratcheting in this region is triggered by material ratcheting.
Very little experimental data on thermal ratcheting on structures of Bree type exists to support any of
the model results. The only experiment with relevance is performed by Lang et. al. /27/, where a fourbar system is employed. However, results are presented for only one load combination and is hence of
limited use for model verification.

Fig. 6.2.1-1. Bree-diagram: Results for a structure with unequal area bars where PP, NLK and
MLKIN model are compared. Steingrimsdottir /37/.

6.2.2 Axially moving temperature distribution
Fig. 6.2.2-1 shows a schematic diagram of a cylinder subjected to a moving axial thermal load. No
primary load need to exist for ratcheting to occur. However the stress range must exceed at least twice
the elastic limit. As the temperature distribution with steep gradients moves cyclically in the axial
direction, the permanent inelastic progressive deformation mode of either expansion or contraction can
occur. The deformation modes of expansion or contraction are influenced by the thermal loading such
as the heating or cooling rate as shown in Fig. 6.2.2-1, and the geometric parameters such as the
thickness, height or diameter of the cylinder.
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Fig. 6.2.2-1. Principle sketch of thermal ratcheting without a primary load.
Fig. 6.2.2-2 shows the recorded progressive accumulation of the radial inelastic deformation of a test
performed by Lee et. al. /29/. The test was performed on a cylinder of SS316, loaded with an axially
o
moving temperature gradient. The thermal axial load of 550 C was applied nine times and the

deformation was measured. The time dependent temperature distribution of the test cylinder
was also measured and was used as input for the ratcheting analysis. The thermal ratchet
deformations were computed with a kinematic AF-model, that was combined with isotropic
hardening. The material parameters were determined from stable, cyclic stress-strain data.
The residual displacement after each cycle of the thermal load was measured and compared
with the calculations. The ratcheting deformations obtained by the analysis with the numerical
model were in reasonable agreement with those of the structural tests. The results suggest that
hardening models of this type tend to overestimate ratcheting.

Fig. 6.2.2-2. Comparison between analysis and test for an axially moving load.
Kobayashi et. al. /25/ studied how the choice of model would influence the analysis of ratcheting
behavior in a cylinder with an axially moving thermal load. Four different models were applied to the
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problem. No verifying tests were conducted. Apart from the perfectly plastic model (PP), three
hardening models were employed. These were linear kinematic hardening (LKIN), the AF-model and
an Ohno-Wang model (OW1). Note that this OW-model is not capable of capturing any material
ratcheting hardening (unlike the OW2-model). This means that the OW-model corresponds to a multilinear kinematic model. Of these four models, only the AF-model is capable of representing uni-axial
material ratcheting. All models predicted ratcheting behavior. Note that the PP model gives the most
conservative prediction and the least conservative representation is given by the OW-model.

Fig. 6.2-3. Influence of hardening on the prediction of ratcheting in a cylinder subjected to axially
moving temp /25/. The radial deformation is shown.

6.2.3 Pipe structures
Rahman and Hassan /20, 35/ investigated an elbow of SS304, subjected to a constant internal pressure,
simultaneously subjected to a cyclic displacement control. The displacement amplitude is controlled
for three different constant internal pressure levels, 0, 11.3 and 20.70 MPa.
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Extrados

Intrados

Flank

Fig. 6.2.3-1. Elbow ratcheting experiment. With load table.
An important parameter of these experiments is the change of shape of the cross-section in the middle
of the pipe, i. e. the size change and the ovalization. The diameter change in two perpendicular
directions was registered as a function of the load. The two parameters are Dx and Dy defined as
shown in the figure 6.2.3-2. Another important parameter is the evolution of the mean strains with the
number of cycles.

Figure 6.2.3-2. The progressive deformation occurs through cross-section changes.
The force at the location of the deformation load was registered. The deformation-force relation at the
end stabilized after a few cycles. Hence, the structure was not influenced by ratcheting on a global
scale, ratcheting occurred only locally. The dominant ratcheting occurred due to change of shape of
the circular pipe section in midst of the elbow. The important parameters for the comparison are the
diameter changes and circumferential strains. In fact the largest progressive strains occurred in the
circumferential direction at the flanks. Most ratcheting occured at the highest pressure. Shakedown in
any sense did not occur for the highest pressure. It is also interesting to note that little ratcheting
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occurred in the axial direction for all pressure levels. Hence, it can be assumed that a bi-axial
ratcheting is predominant.
The models employed were linear kinematic model (LKIN), the multi-linear kinematic model
(MLKIN) as well as a standard Chaboche model and a modified Chaboche. The models were attuned
to material response before the structural tests. Remember again that the LKIN and MLKIN are not
capable of representing uniaxial ratcheting.

Fig. 6.2.3-3. Comparison for flank diameter change. Left LKIN and MLKIN. Right Chaboche and
modified Chaboche.

Fig. 6.2.3-4. Comparison for mean circumferential strain at the flanks. Left LKIN and MLKIN. Right
Chaboche and modified Chaboche.

Fig. 6.2.3-5. Comparison for mean circumferential strain at the intrados. Left LKIN and MLKIN.
Right Chaboche and modified Chaboche.

SSM 2010:45

36

Fig. 6.2.3-6. Comparison for mean circumferential strain at the extrados. Left LKIN and MLKIN.
Right Chaboche and modified Chaboche.
The simulations in Fig. 6.2.3-3-6, show that the bilinear and multilinear models are incapable of
simulating ratcheting responses. These models are simulating shakedown responses after few cycles
for most cases, whereas the experimental responses show continued ratcheting. The shakedown
simulation is the deficiency of the linear kinematic hardening rule and is also observed at the material
level simulations.
Simulations of elbow ratcheting responses by the Chaboche models are improved significantly
compared to simulations by the LKIN and the MLKIN models. Most important is that continued
ratcheting is predicted for the circumferential mean strains at the flanks, where the dominant local
ratcheting occurs. In view of the 5% accumulated strain criterion in ASME III only the Chaboche
model would provide reliable results. See Fig. 6.2.3-4.
Although the Chaboche models perform better than the LKIN and MLKIN models none of the models
are capable of capturing the full picture. This is most evident from Fig. 6.2.3-6. For the highest
pressure positive ratcheting occurs, where the models predict negative or no ratcheting. These
shortcomings prevailed also for the non-standard models that were investigated by Hassan et. Al. /20/.
Another interesting investigation of a pipe elbow is performed by DeGrassi et. al. /13/. An
experimental set-up similar to the one described above is utilized. The purpose is to study the seismic
response. Three different types of models are investigated, the LKIN, the MLKIN and the
conventional Chaboche, with three superimposed models, n=3 in Eq. 4.3.4-1. All models were
calibrated to represent the cyclic stress strain response. In a preliminary test, the flank strains were
registered as a function of the number of cycles. The elbow structure in Fig. 6.2.3-7 was loaded with
constant amplitude deformation control at the ends, while the pipes were subjected to constant internal
pressure. This time the material is a carbon steel. The elbow was cycled until fatigue cracking
occurred at the flanks after 185 cycles, i. e. a very significant low-cycle failure. It is clearly seen that
the LKIN and MLKIN models predict shake-down, not at all in agreement with the experiments.
Through parameter variation of the Chaboche models (Parameter 3, important for ratcheting only)
very good agreement could be obtained.
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Fig. 6.2.3-7. Experimental set-up by DeGrassi et al /13/, Comparison between tests and analyses.
Cbahoche model with 3=1 is chosen as the best model.
Another set up was developed in order to study the seismic characteristics of pipe systems under
internal pressure. The set-up consists of a two elbow pipe system with masses attached. Only in-plane
displacements are significant. The seismic input was large enough to provide elasto-plastic response in
the system. An FE model of the system was built up, with the corresponding internal pressure and the
corresponding pressure. The experimental set-up along with experimental and computed results are
shown in Fig. 6.2.3-8.

Fig. 6.2.3-7. Seismic set-up by DeGrassi et al /13/. Comparison between tests and analyses, LKIN
(BKIN), MKIN and Chaboche (CHAB).
Comparisons to test results demonstrated the superior performance of the Chaboche model versus the
two linear models, particularly with regard to predicting the strain ratcheting behavior of the system.
Both linear models predicted shakedown sooner than observed during the test. The LKIN model
overpredicted the accumulated permanent strain at end of test, while the MLKIN model
underpredicted the accumulated strain. These differences, however, are most likely due to the
differences in the stress strain curves used to represent the models instead of the differences between
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the two linear plastic hardening rules. The nonlinear model produced the best match to test results in
terms of predicting both the accumulated strain and the overall ratcheting behavior and shakedown
versus time.
Although the elbow examples show advantages for the Chaboche model, tests on a straight pipe by
Rahman et. al. /35, 36/ reveals a more complicated picture. The experimental set-up is similar to the
previous one, however with a straight pipe only. The material is alloy steel 4130. The ends are
subjected to constant amplitude rotation, whereas the internal pressure is kept constant during the
investigation. These tests are repeated with different levels of rotation amplitude.

Fig. 6.2.3-8. Sketch of the straight pipe bending device, with load table.
A significant difference from the elbows is that very little strains appear at the flanks, the maximum
strains appear symmetrically at the top and bottom. Ratcheting occurs through change of mid-section
of the pipe and circumferential strains at the top and bottom of the pipe. Unlike the elbow, little
progressive circumferential strains occur on the flank. Very little ratcheting occurs in the axial
direction. This is likely to depend on the relatively low axial stresses as induced by the pressure (half
the magnitude of the circumferential stresses), but also of the deformation controlled load, instead of
stress control of mean and amplitude, which is typically triggering uni-axial material ratcheting.
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For this configuration the Chaboche model underpredicted ratcheting in comparison to the MKIN.
This is notable since the Chaboche model was attuned to both uni-axial and multi-axial ratcheting.

a

b

Fig. 6.2.3-9. Comparison for diameter change, a) in the bending plane, b) out of the bending plane.
/Rahman, 35/. Note that the Bilinear model in the figure is the same as the LKIN model.

b

a

Fig. 6.2.3-9. Comparison of diameter change, a) on top of pipe, b) on side of pipe. /Rahman, 35/. Note
that the Bilinear model in the figure is the same as the LKIN model.
Actually, this difficulty to represent ratcheting well prevailed with all the advanced models (modified
Chaboche, Ohno-Wang etc) that were applied to the structure. All models under-predicted ratcheting
for the higher load. Common for these models were that they were only calibrated on the material
level, i. e. uni-axial and bi-axial ratcheting before the analysis of the structure.
The reason that the models failed to simulate the structural responses could be attributed to either that
the parameters determined from material responses were not representative of the structural responses,
or that the constitutive models are incapable of simulating the structural ratcheting responses. The first
reason was scrutinized. It was found that the data used for parameter determination was not
representative for the structural test. The load state on the top/bottom of the pipe resembles closely the
bi-axial test condition with a static stress ,   ,in the circumferential direction and a controlled strain
amplitude in the axial direction,  ax . It was observed that the axial strain amplitude in the bi-axial
tests was 0.4%, which is comparable to the axial strain amplitude for the structure at the lower load.
However, at the higher load the strain amplitude was 0.88% which is double the magnitude of the
material tests. Moreover, it was observed that the cyclic response tended to be stiffer in stress control
than in strain control. This observation was also found to have an impact on the results for the
structure.
An advanced type of Chaboche model was selected for parameter refinement. The refinement
improved the correlation between analysis results and the observed ratcheting. However a very good
match could not be obtained for all experiments. Hence, the choice of parameters will always be a
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compromise. The parameter set that best predicted structural ratcheting for the high load, overpredicted ratcheting for the lower load as well for the uni-axial ratcheting test.
These findings show the difficulties in applying a model to a structure, if the model parameters have
been determined from material responses only. It was suggested that parameter calibration should be
performed for material tests over several loads, ranging from low to high in order to cover several
ranges of material response. Of high importance is that the material data for parameter determination
is relevant for the structure that will be analyzed. A good check is to verify that the local material
response in the structure is covered by the material data. An example is the case when a structure
displays a high level of biaxial ratcheting as in the pipe examples above. It should then be verified that
the biaxial ratcheting data for parameter determination is similar to the local response in the pipe.
An earlier investigation for a straight pipe did not experience similar difficulties with the Chaboche
model (Hassan, /19/). Here an AF-model was compared to an LKIN model for a pressurized pipe
subjected to deformation control bending amplitude. The models were attuned to stable stress-strain
and a constant amplitude level ratcheting response in the structure was used for parameter
determination. Thereafter, the set-up was subjected to a sequence of different load levels, with
simultaneous measurement of the evolution of the mean circumferential strain. The procedure was
performed at two levels of internal pressure. Initially, the LKIN over-predicts ratcheting, whereas the
AF-model under-predicts. However, the LKIN model finally leads to shake-down, which is not
realistic. The AF-model on the other hand seems capable of representing the longer trend.

AF
LKIN

AF
LKIN

Fig. 6.2.3-10. Experimental set-up in Hassan /19/. Circumferential ratcheting results shown for the
tests at two different pressure levels.
Although the ratcheting analyses with standard plasticity models are difficult, the question about the
accuracy for strain amplitudes arises. The strain amplitude is the prime input to fatigue analyses. It is
seen from the figures below that the amplitudes are generally well represented. The strain amplitudes
at the important locations are compared for both the elbow and the pipe/20,35,36/. It is noted that all
models, LKIN, MLKIN and Chaboche models give reasonable results. The parameters for these
models were all calibrated for the stable hysteresis curve. The relative robustness of the amplitude
results may indicate that matching stable cyclic stress-strain response is sufficient for the structural
strain amplitudes, regardless of the accuracy of ratcheting prediction. This seems to hold at least for
these examples, but has yet to be examined further in order to be claimed in the general sense. It
should also be remembered that these examples are carries out under constant amplitude. The cyclic
plastic behavior for variable amplitude is far more complicated.
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a

b

Fig. 6.2.3-11. Comparison of strain amplitudes at the top of the straight pipe. a) circumferential strain
amplitudes, b) axial strain amplitudes (Rahman, /35/). Note that the Bilinear model in the figure is the
same as the LKIN model.

a

b

Fig. 6.2.3-12. Comparison of strain amplitudes at the flank of the elbow. a) circumferential strain
amplitudes, b) axial strain amplitudes (Rahman, /35/). Note that the Bilinear model in the figure is the
same as the LKIN model.

a

b

Fig. 6.2.3-13. Comparison of strain amplitudes at the intrados of the elbow. a) circumferential strain
amplitudes, b) axial strain amplitudes (Rahman, /35/). Note that the Bilinear model in the figure is the
same as the LKIN model.

7

PARAMETER DETERMINATION

Among commercially available models, the Chaboche model is the only model that can represent
material ratcheting. Despite these abilities, the discussions in the previous sections above clearly
demonstrated limitations in structural analysis, even under rather simple constant amplitude loads. It
was concluded that the determination of the model parameters from a few material tests may be
insufficient for accurate ratcheting analysis in a structure. In fact, the deviation can be large, especially
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in view of such criterion as the 5% strain criterion in ASME III, NB 3228.4. Rahman /35, 36/,
DeGrassi /13/ and Hassan /19,20/ all used parameter adjustments that also included the structural
response, alongside material response, in order to obtain better results.
A recommendation is to use material data over a larger load range. The straight pipe experiment by
Rahman et. Al emphasized the importance of having material responses with load that closely
resembles the structural response in terms of stress and strain. However, calibrating the standard
Chaboche model (such as for example a six parameter model) for a large set of data is difficult.
Steingrimsdottir /38/ reported of the difficulties of calibrating the Chaboche model to a large set of
uni-axial ratcheting data. Rather large compromises were necessary.
Despite these short-comings, some advises for parameter determination will be given. A prime
recommendation is to always match the model for cyclic behavior as the monotonic and cyclic
behavior may be very different. It is also important to consider ratcheting effects in the parameter
determination if this is important in the evaluation.

7.1

Linear and Multi-linear kinematic models (LKIN
and MLKIN)

The MLKIN model is able to accurately represent a hysteresis loop, if small enough linear segments
are chosen. Note, however that no uni-axial ratcheting behavior can be represented. An accurate
representation of the MLKIN model for stable hysteresis behavior may give accurate amplitudes, but
there is a risk that the level ratcheting in structures is underestimated.
The LKIN model will always have a crude representation of the hysteresis loop and neither can uniaxial ratcheting be represented. However, the possibility for the LKIN model is to set a low enough
elastic limit. Thus the pure form of structural ratcheting may be conservatively represented.

7.2

The AF and the Chaboche model.

The AF model is relatively simple for parameter determination, since it is possible to express it’s
behavior analytically. The relation between strain and stress amplitudes is expressed as

  p 
 C
   0
 tanh 
2

 2 

Eq. 7.2-1

The tangent modulus at initial plastic deformation will be H  d d p  C . A feature of the model
is that it will approach perfectly plastic behavior as the plastic strain increases. The limiting stress is
0  C  .
Moreover, the AF model will produce constant uni-axial ratcheting. The expression for the rate is:

  C 2

       2 
min
0

1  
 p  ln   2

 C 
2 
      max   0  
 


Eq. 7.2-2

This expression is maximized when  min   0 .

SSM 2010:45

43

Constant ratcheting
rate predicted by
the AF model

Fig. 7.2-1. Parameter determination for the AF model. Note the constant ratcheting rate. Bari /2/

The superimposed Chaboche model is more flexible but needs more efforts in parameter
determination. An automated procedure for parameter determination for several models is presented in
the dissertation by Rahman /35/.
A common version of the Chaboche model in the literature is three superimposed model, where each
parameter has a specific meaning. The interpretation is helped by the rather limited number of
parameters, 0, C1, 1, C2, 2 and C3, 3. The stress in the uni-axial case will develop according to

   0  X1  X 2  X 3

Eq.7.2-3

Consider first a stable hysteresis loop, which is used for parameter determination. The elastic limit 0
must be set. There is no clear definition of the elastic limit, but a generally a rather low value should
be set. The 0.2% plastic deformation criterion used for determination the common yield stress is
generally far too crude. Rather, a more accurate identification of the onset of plastic deformation
should be used. Thereafter, the parameter C1 is set to represent the initial hardening modulus, H. This
means that C1 will be set to a high value. The parameter 1 should also be set a high value in order to
obtain rapid saturation of the parameter.
The parameters C2 and 2 are used for representing the nonlinear part of the hysteresis curve. It has
been observed in experiments that a linear relation will follow the non-linear part. In the superimposed
Chaboche model, this part will occur when X1 and X2 have saturated at constant values. If then 3=0
the linear part can be represented by C3 alone. This procedure can be exemplified by Fig. 7.2-2 from
Bari et. al. /2/.
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=0+X1+X2+X3

X1+X2+X3

X2

X3
X1
X1
X2

X1+X2+X3

Fig. 7.2-2. The evolution of the parameters X1, X2 and X3 in the adjustment of the parameters for a
stable hysteresis loop. Bari /2/
Thereafter the parameter 3 can be used for representing the uni-axial ratcheting behavior. As long as
3=0 shake-down will always result, which is not in agreement with experiments. However, small
values of 3 will lead to improved ratcheting behavior and a better representation of secondary
ratcheting, where constant ratcheting rate often prevail instead of shake-down. Moreover, attaining
low values to 3 will not affect the stable hysteresis loop significantly. See Fig. 7.2-3.
It should however be noticed that these procedure excludes calibration of for example multi-axial
ratcheting. The representation of multi-axial ratcheting will be arbitrarily represented. The results of
this procedure are shown in Fig. 7.2-4. In this particular case, multi-axial ratcheting happens to be over
predicted by the model.
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Fig. 7.2-3. The improvement in ratcheting behavior by a small adjustment of 3. Bari /2/. Small
adjustments of 3 will not affect the hysteresis behavior.

SSM 2010:45

46

Fig 7.2-4. Ratcheting results for the Chaboche model, with paramters adjusted for hysteresis loop and
uni-axial ratcheting . (Bari /2/)

7.3

Literature data

It is noted that information on stable hysteresis loops are often gathered as a relation between stress
and strain ranges,  and . These data can be used for determining the stable cyclic behavior of the
model. Such data for austenitic steel is for example available in the French RCC-M code. These data
are further scrutinized by van Eeten /14/, where alternative values of K and m are presented. The
relation can be expressed mathematically by the parameters K and m in the Eq. 2.1-1. Parameter
determination can be obtained directly by adjusting the model parameters to fit with the recorded
stress-strain ranges. Alternatively, the hysteresis loop shape for a fixed stress-strain range can be used
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for parameter determination. Then the model is adjusted so that the model matches the hysteresis loop
shape as well as possible. This is at large equivalent to matching the model to stress-strain ranges. For
material that obeys the Masing’s rule, the two ways of parameter determination will be identical.
Masing’s rule means that the connection of ranges matches the stress-strain evolution of stable
hysteresis loops.

Fig. 7.3-1. Saturated curve for stress ranges versus strain ranges, van Eeten /14/.

Fig. 7.3-2. The principles of Masing’s rule.
Ratcheting data useful for parameter determination are, in comparison, scarce in the literature.
However, some ratcheting data can be found. Some potentially useful references of data are noted in
the below table. It is noted that these examples focus primarily on ratcheting effects under steady state
load conditions. The behavior under variable, complex loads is so far not at all available.
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Table 7.3-1. Examples of references that contain experimental data for material ratcheting.
TYPE OF RATCHETING RESULTS

MATERIAL

REF

UNI-AXIAL RATCHETING OBTAINED
AT SEVERAL LOAD LEVELS.

SS316

HAUPT /21/

UNI-AXIAL RATCHETING AT
SEVERAL LOAD LEVELS. (SEVERAL
OTHER CYCLIC HARDENING
EFFECTS).

SS304, CS 1070, OFHC
COPPER

JIANG ET AL /23/

SEVERAL MULTIAXIAL LOAD

MEDIUM CARBON STEEL,

CHEN ET. AL. /10/

PATHS

S45C

UNI-AXIAL RATCHETING AND
MULTI-AXIAL LOADS.

SS304

KRISHNA, HASSAN ET. AL. /27/

UNI-AXIAL AND MULTI-AXIAL
RATCHETING DATA.

CS 1026

BARI ET. AL. /2/

UNI-AXIAL RATCHETING.

SS316

CHABOCHE /6-8/

UNI-AXIAL AND MULTI-AXIAL

CS 1018,1020, 1026, SS304

HASSAN ET. AL. /17,16/

ALLOY 4130, SS304

RAHMAN DISS. /35/

RATCHETING

UNI-AXIAL AND MULTI-AXIAL
RATCHETING

The literature also provides some proposed values for the parameters in the conventional models.
Much care should be taken while using literature values. It has been clearly shown in the examples,
that the models validity may be very limited. The experimental conditions at which the parameters
were determined should be carefully considered. For example, adjusting parameters at one load level
will be in-adequate for other load levels. This has been clearly demonstrated in the examples of the
structures. Thus it is up to the analyst to verify his results for the particular analysis case. It should be
especially observed that any temperature dependence of the parameters is not shown in the table.
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Table 7.3-2. Examples of references that contain data for the conventional Chaboche model.
TYPE OF MODEL

MATERIAL

COMPARISONS WITH

REF

EXPERIMENTS

CHABOCHE, THREE
SUPERIMPOSED MODELS

SS316

STABLE LOOPS AND
UNI-AXIAL
RATCHETING (HAUPT
AND CHABOCHE
DATA)

STEINGRIMSDOTTIR /38/

CHABOCHE, THREE
SUPERIMPOSED MODELS

SS316

STABLE LOOPS (NO
RATCHETING)

SÖDERGREN/39/

CHABOCHE, ONE MODEL WITH

SS316

STABLE LOOPS (NO
RATCHETING)

VAN EETEN/14/

SS316

STABLE LOOPS AND
UNI-AXIAL

CHABOCHE /6-8/

PARAMETERS DEPENDING ONE
STRAIN RANGE (ABAQUS)
(COMBINED WITH ISOTROPIC
MODEL)

CHABOCHE, THREE
SUPERIMPOSED
MODELS(COMBINED WITH
ISOTROPIC MODEL)

CHABOCHE, FOUR
SUPERIMPOSED MODELS

RATCHETING

ALLOY STEEL
4130

STABLE LOOPS AND
UNI-AXIAL AND
MULTI-AXIAL

RAHMAN DISSERTATION
/35/

RATCHETING

CHABOCHE, THREE
SUPERIMPOSED MODELS

SS304

STABLE LOOPS AND
UNI-AXIAL AND
MULTI-AXIAL

RAHMAN DISSERTATION
/35/

RATCHETING

UNI-AXIAL AND MULTI-AXIAL

CS 1026

RATCHETING

STABLE LOOPS AND
UNI-AXIAL AND
MULTI-AXIAL

BARI ET AL /2/

RATCHETING

CHABOCHE, THREE
SUPERIMPOSED MODELS

STS410
CARBON

STABLE LOOPS AND
UNI-AXIAL
RATCHETING,

DEGRASSI /13/

INDIRECT
CALIBRATION OF
MULTI-AXIAL
RATCHETING

AF MODEL (COMBINED WITH
ISOTROPIC MODEL)

SS316

STABLE LOOPS
(RATCHETING
CONTROLLED IN
STRUCTURAL
EXPERIMENTS)
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LEE ET AL /30/

7.4

Parameter determination in absence of
experimental data.

Due to the complexity of cyclic plastic deformation, it is difficult to define a procedure that is robustly
conservative. In static plastic collapse analysis conservatism can be obtained by taking the minimum
yield stress. There is no obvious corresponding procedure in the cyclic case. Besides, cyclic data are
not regularly available and the monotonic yield stress is a very crude parameter. Even the monotonic
stress/strain curve provides little help, since the monotonic and cyclic behavior usually are very
different. Thus performing cyclic analysis without any knowledge of the cyclic behavior is associated
with large uncertainties.
However, some possible routes for conservative routes can be proposed although these routes may
need more systematic studies to be confirmed. It was shown in the previous section that the pure type
of structural ratcheting can be addressed with linear kinematic models. The two examples are the Bree
cylinder and a cylinder subjected to an axially moving temperature front. It is likely that cases can be
conservatively safely addressed with elastic perfectly plastic models (PP). The problem is then to set a
low enough elastic limit. In fact, this kind of procedure for cyclic operation is suggested in EN 134453 (direct route)/40/, the current harmonized standard for the design of non-nuclear pressure vessels.
The design criterion is to show shake-down, or show that the plastic is less that 5% within the
specified number of cycles. The weakness with this procedure is that the yield stress is determined
from monotonic data. Another drawback is that this procedure will miss cases where material
ratcheting influences the ratcheting behavior.
Another possibility is using the AF-model, i. e. the Chaboche model with n=1 in Eq. 4.3.4-1. This
model has some properties that may be used in order provide conservative results. Such properties are
the linear ratcheting rate and the limiting stress. A possible strategy would be to set the predicted
ratcheting rates to sufficiently high values. Hence, there is a possibility that material ratcheting can be
captured. Moreover, the stress limit,  0  C  , could be set low in order to conservatively represent
structural ratcheting in the same manner as the PP model.

8

DISCUSSION

This report has dealt with the capabilities and short-coming of models for the analysis of components
subjected to cyclic plastic deformation. The discussion is largely related to the 5% criterion of plastic
deformation that is proposed in ASME III/41/, in case a plastic analysis is preformed instead of an
elastic analysis. In practice this criterion states that the residual strain should be less than 5% at any
situation in a sequence of loads. The criterion should cover the design against progressive deformation
in a plastic analysis.
Partly, and despite cyclic plasticity being a very active research area, the results of this report are
somewhat pessimistic in the designers view. The cyclic plastic behavior of metals is very complex
indeed, which is clearly shown. Thus the demand on available models is high, especially in view of the
5% criterion. Even in simpler cases larger errors may prevail. There exits basically no verification of
the validity of any model for arbitrary, complex load paths. Uncritical application of models in design
cases should definitely be avoided. It is necessary to consider the limitations and properties of the
models before analysis.
A telling example of the difficulties is the prediction of the conditions for shake-down in structures. It
is shown that commonly used models, such as linear and multi-linear kinematic models may produce
significant errors. Among conventional model, the Chaboche model shows some promise. Conditions
for robust conservatism of models need to be established. Some possibilities are discussed in the
report. However, in order for the ASME type criterion to be useful, further efforts to develop
guidelines should be carried out.
A more encouraging result of the present study is however that the conventional models predict strain
amplitudes with higher accuracy than progressive strains. This is of importance since the amplitudes
(or ranges) are the prime input in fatigue analysis.
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Recent studies have shown surprising capabilities of models for cyclic plasticity. An example is
provided by Krishna, Hassan et al /27/ where macro-scopical models of Chaboche type is discussed
along with micro-scopical models. The agreement over a rather large set of experiments is surprisingly
good. The experiments cover cyclic hardening effects, as well as uni- and multi-axial ratcheting even
with stepped loads. However, this agreement is obtain at the expense of the complexity of the models.
The mathematical complexity has increased substantially from the basic Chaboche model. In fact, the
determination of parameters is impossible without expertise help. The authors propose a black box
strategy for parameter determination in order to make parameter determination possible in more
realistic cases.
Another important issue is how ratcheting interacts with for example residual stresses and fatigue
crack propagation. Adequate analysis of cyclic plastic deformation could shed important light on
important fatigue issues. These subjects have however not been in focus in this report. It is however
believed that studies of the interaction between cyclic plasticity and fatigue will be a highly
challenging and important research area in the future. A recent study on the analysis of welds has been
presented by Cheng et al /11/. This study obtains some interesting results on the evolution of the weld
residual stresses during fatigue loading.

9

RECOMMENDATIONS

Analysis of components subjected to cyclic plastic deformation has become a subject of practical
interest. Today FE analysis are often preformed in order to demonstrate the integrity of the
component, and to show compliance to the relevant code. Reducing the conservatism that results from
design by formula is a driving parameter in the tendency to increase the number of advanced analyses,
employing FE codes. The possibilities of these types of analyses are hampered by the limitations of
the models. Moreover, the ignorance of these limitations by the designer may lead to insufficiently
designed components. The availability of easy-to-use models in commercial FE codes may encourage
inadequate analyses. It is therefore suggested that guidelines and recommendations for analyses are set
up. These should serve as complements to the existing standards such as ASME.
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The Swedish Radiation Safety Authority has a comprehensive responsibility to ensure that society is safe
from the effects of radiation. The Authority works to
achieve radiation safety in a number of areas: nuclear
power, medical care as well as commercial products and
services. The Authority also works to achieve protection from natural radiation and to increase the level of
radiation safety internationally.
The Swedish Radiation Safety Authority works proactively and preventively to protect people and the
environment from the harmful effects of radiation, now
and in the future. The Authority issues regulations and
supervises compliance, while also supporting research,
providing training and information, and issuing advice.
Often, activities involving radiation require licences issued by the Authority. The Swedish Radiation Safety Authority maintains emergency preparedness around the
clock with the aim of limiting the aftermath of radiation
accidents and the unintentional spreading of radioactive
substances. The Authority participates in international
co-operation in order to promote radiation safety and
ﬁnances projects aiming to raise the level of radiation
safety in certain Eastern European countries.
The Authority reports to the Ministry of the Environment and has around 270 employees with competencies
in the ﬁelds of engineering, natural and behavioural
sciences, law, economics and communications. We have
received quality, environmental and working environment certiﬁcation.
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