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SSM perspective 

Background 
The case of a circumferential crack in a cylindrical bar has not been 
available in the ProSACC code. The need for such a geometry, especially 
considering nonlinear axisymmetric loading and global bending, has 
motivated the development of new stress intensity factor solutions, also 
known as K-solutions. These new K-solutions will be available in ISAAC, 
the successor to ProSACC. 

Objectives 
The objective is to implement a capability in the computer code ISAAC 
to analyze long circumferential cracks in solid bars that may occur, for 
example due to thermal fatigue loadings. This means that both non-
linear axisymmetric loading and global bending loads have to be taken 
into account. 

Results 
The K-solutions, which have been numerically determined, account for 
axisymmetric loading up to the 5th degree as well as global bending. The 
new K-solutions are limited by the crack depth a/R ≤ 0.8 which is a 
limit applied in ISAAC.

Verification of the new K-solutions has been performed against avail-
able reference solutions and numerical results specifically obtained for 
selected cases.

A degree of conservatism is introduced in the K-solutions as nonlineari-
ties due to contact between crack faces from global bending loads have 
been omitted. The degree of conservatism is discussed in appendix A. 
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1. Introduction 
The case of a circumferential crack in a cylindrical bar is not available in 
ProSACC [1]. The need for such a geometry, especially considering 
nonlinear axisymmetric loading and global bending, has motivated the 
development of new stress intensity factor solutions, also known as K-
solutions. The new K-solutions will be available in ISACC [2], the 
successor to ProSACC. 
 

2. Problem statement 
2.1 Existing K-solutions 
K-solutions for a circumferential crack in a cylindrical bar subject to 
membrane tensile loading are available in e.g. [3] and [4]. Reference [4] 
also provides a solution for global bending. The accuracy of these 
solutions, expressed in terms of error, is stated to be less than 0.1 % in 
[3] and better than 1 % in [4]. 
 
The solutions are either expressed in or can be recast into the form of 
equation (1) where � is the stress contribution, � is the crack depth and � 
is a non-dimensional stress intensity factor also referred to as a geometry 
factor. The geometry factor may be expressed as a function of the crack 
depth � and the bar radius �. The geometry is illustrated in Figure 1 
where the crack depth is bounded by ��� � ��� � ���. 
 

 
The solutions in [3] and [4] are commonly referenced in the literature, 
handbooks, guidelines, and standards. However, there have been 
observations revealing an inconsistent reproduction of the solutions 
provided in [4], which are given in terms of net stress and uses the radius 
as a geometrical parameter. The inconsistencies appear e.g. by mistaking 
the net stress for nominal stress. 
 

 
Figure 1 A circumferential crack in a cylindrical bar under tension [3]. 

 �� � �√�� � ������ (1)  
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2.2 New K-solutions 
The K-solutions developed here cover axisymmetric loading up to the 5th 
degree as well as global bending, see equation (2) and (3) where the case 
� � � corresponds to membrane tensile loading. Geometry and loads are 
illustrated in Figure 2 and Figure 3.  
 
The new K-solutions are limited by the crack depth ��� � ��� which is a 
limit that is commonly applied in ProSACC and ISAAC. 
 

 �� � √�� ������
�

���
��������� (2)  

 

 � � ���� �� � ��� � ���� ���� ����
��

���
 (3)  

 
 
 

 
Figure 2 Illustration of a circumferential crack in a cylindrical bar 

under axisymmetric loading and global bending. 
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Figure 3 Axisymmetric loading and global bending. 

 
 

3. Method 
K-factors have been determined from 3D-FEM analyses performed with 
Abaqus [5]. The material has been assigned linear elastic material 
properties with � � 0.�. 
 
Symmetry has been exploited in order to reduce the size of the models 
which all have the length � � �0�. The representative model for � �⁄ �
0.5 corresponds to a quarter of the actual bar, see Figure 4. 
 
The loading has been introduced as crack face pressure according to the 
principle of superposition. Axisymmetric loading results in either tensile 
or compressive stress across the entire crack face whereas global bending 
results in tensile as well as compressive stresses. 
 
Eight equally spaced crack depths within the interval 0.0 � ��� � 0.� 
have been analyzed by 3D-FEM. Contact has not been included when the 
new K-factors have been determined. 
 
The numerically computed K-factors are path independent and have been 
extracted at the crack front location corresponding to � � � � �, i.e. 
point A in Figure 2. The K-factor is constant along the circumference for 
axisymmetric loads, in contrast to global bending for which it varies 
along the circumference with the highest and lowest values observed at 
� � � � � and � � �� � �, respectively. 
 
Global bending may in reality give rise to contact between the crack 
faces. Omitting this contact in the analyses adds conservatism to the 
solution. A comparison of simulations with and without contact is given 
in Appendix A where it is shown that the conservatism increases with 
increasing crack depth. 



SSM 2017:16

 

 
 5 (13) 

 
Figure 4 FE-modelling for the crack depth � �⁄ � �� �. 

  



SSM 2017:16

 

 
 6 (13) 

4. Results 
4.1 New geometry factors 
Numerically determined geometry factors for axisymmetric loading and 
global bending are shown in Figure 5 and Figure 6, respectively. Table 1 
shows tabulated geometry factors. 
 
The numerical results for membrane tensile loading (� � 0) are in 
excellent agreement with the solution available in [3]. Excellent 
agreement is also observed for global bending in comparison with the 
solution available in [4]. For sufficiently small cracks �� �⁄ → 0�, all 
axisymmetric loadings may be approximated as a membrane tensile load 
(� � 0). This implies that all geometry factors for axisymmetric loading 
converge towards the same value at ��� � 0. 
 
For axisymmetric loading at ��� � 0, the solution available in [3] has 
been selected rather than determining a value by extrapolation of 
numerical results for larger crack depths. The same applies to global 
bending at ��� � 0�for the solution available in [4]. 
 
 

Table 1 Geometry factors. 
� �⁄  ��� �� �� �� �� �� �� 
0.0 1.1242 1.1215 1.1215 1.1215 1.1215 1.1215 1.1215 
0.1 1.1665 1.1808 1.1104 1.0452 0.9850 0.9294 0.8778 
0.2 1.3161 1.2619 1.1147 0.9897 0.8832 0.7922 0.7142 
0.3 1.5968 1.3927 1.1568 0.9734 0.8295 0.7156 0.6246 
0.4 2.0876 1.6014 1.2550 1.0090 0.8308 0.6992 0.5999 
0.5 2.9793 1.9385 1.4420 1.1199 0.9029 0.7512 0.6411 
0.6 4.7728 2.5139 1.7904 1.3597 1.0861 0.9014 0.7698 
0.7 9.0842 3.6150 2.4913 1.8712 1.4923 1.2403 1.0614 
0.8 23.421 6.2377 4.2087 3.1520 2.5175 2.0961 1.7959 
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Figure 5 Geometry factors for axisymmetric loading. 

 
 
 

 
Figure 6 Geometry factors for global bending. 
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4.2 Verification 
Verification of the new geometry factors has been performed against 
numerical results obtained for three different cases. 
 
Case 1 corresponds to membrane tensile loading �� � 0� and is a further 
presentation of the results shown in Figure 5. Comparison of the new 
geometry factors and the solution in [3] shows an excellent agreement. 
Relative error in percent is shown in Figure 7 where ���� represents the 
new geometry factors developed in this work and ���� represents the 
solution in [3]. 
 
Case 2 consists of both axisymmetric loading and global bending where 
the stress components have been arbitrarily chosen. The relative error in 
percent is shown in Figure 8 where ���� represents the solution using the 
new geometry factors developed in this work and ���� represents the 
numerical results (with contact omitted) for the specific loading. 
 

 Case	2:	

�
�
�
�
�
�σ��σ�σ�σ�σ�σ�σ� �

�
�
�
�
�
�

��
��
��
� 0.55810.43010.80740.7818
�0.3317
	0.3975
�0.�044�

��
��
�
�
  

 
Case 3 consists of an axisymmetric stress profile extracted from a cyclic 
thermal loading. The stress profile is shown in Figure 9. The relative 
error in percent is shown in Figure 10 where ���� represents the solution 
using the new geometry factors developed in this work and ���� 
represents the numerical results for the specific loading. 
 
 

 
Figure 7 Relative error in percent for Case 1. 
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Figure 8 Relative error in percent for Case 2. 

 
 

 
Figure 9 Axisymmetric loading for Case 3. 

 
 

 
Figure 10 Relative error in percent for Case 3. 
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A. Global bending and contact 
between the crack faces 
Contact has not been included when the new K-factors have been 
determined. Omitting this contact in the analyses adds conservatism to 
the solution. In reality, however, global bending may give rise to contact 
between the crack faces. A comparison between results from numerical 
analyses with and without contact has been performed for the three crack 
depths = 0.2, 0.5 and 0.8. 
 
Results extracted along the circumferential coordinate , see Figure 11, 
show that the influence from contact between crack surfaces increases 
with increasing crack depth, see Figure 12 to Figure 14. 
 
Conservatism is introduced and geometry factors are overestimated when 
contact between the crack faces is omitted during the simulation. The 
profile of the geometry factor is symmetric along the circumference 
when contact is omitted, in contrast to the non-symmetry obtained when 
contact is included in the simulation. 
 
 

 
Figure 11 The influence from contact between crack surfaces was 

investigated as function of the circumferential coordinate θ. 
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Figure 12 Global bending for the crack depth � �⁄ � �� � with and 

without contact applied between the crack faces. 
 
 

 
Figure 13 Global bending for the crack depth � �⁄ � �� � with and 

without contact applied between the crack faces. 
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Figure 14 Global bending for the crack depth � �⁄ � �� � with and 

without contact applied between the crack faces. 
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