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SSM perspective 

Background 
One of the tasks of SSM is to inspect the Swedish nuclear power indus-
try and make sure that the nuclear power plants operate well within 
safety margins and, hence, they demand that uncertainties be taken into 
account in calculations made for safety analysis. SSM requires that these 
uncertainty estimates be made by either making conservative estimates, 
i.e., looking at worst reasonable case scenarios, or by making realistic 
calculations combined with analysis of uncertainty, often known as Best 
Estimate Plus Uncertainty. 

There are several methods for quantifying the uncertainty in a calcu-
lated result, and a class of such methods is sampling methods, such as 
Monte Carlo methods.

A relatively new approach for propagating uncertainty through calcu-
lations is Deterministic Sampling (DS), which is a sampling method 
intended to use as few samples as possible by choosing the samples 
deterministically, rather than randomizing them, and hence save time in 
when the computations are heavy. This approach has been used at SSM.

In some particular cases, DS runs into a problem. In the ensemble used 
in DS each sample has an associated weight, and when some of the 
weights are negative, the method can fail. This is a problem which has 
occurred at SSM when DS has been used. 

Finding the ensemble for DS with only positive weights is not trivial, 
but for the method to be useful, this is desired. This motivates why SSM 
wants to increase the competence in the field of deterministic sampling 
and uncertainty quantification. 

Objective
The aim of this project is to find a reliable method for determining an 
ensemble for Deterministic Sampling with only positive weights. This 
report is intended to work as a presentation of the project, as well as to 
work as a beginner’s guide to DS.

Results
In the report several methods for generating DS ensembles are pre-
sented, which can encode up to four moments and represent any kind of 
probability distribution, and encode correlations between parameters. 
This can be used with many parameters, and the number of samples 
needed scale linearly with the number of parameters, at best.

DS seems to have potential for uncertainty quantification at SSM, in the 
nuclear power industry and with heavy calculations done in other field. 

Project information
Contact person SSM: Peter Hedberg (KR) 
Reference: SSM2015-5407
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This report concerns a study which has been conducted for the  
Swedish Radiation Safety Authority, SSM. The conclusions and view-
points presented in the report are those of the author/authors and  
do not necessarily coincide with those of the SSM.
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f (X)
X X

[a,b]

P(X ∈ [a,b]) =
b∫

a

f (X) X

⟨X⟩

⟨X⟩=
∞∫

−∞

X f (X) X

X ∈
{x1,x2 . . .xn}

⟨X⟩= 1
n

n

∑
i=1

xiP(X = xi).

〈
δ 2X

〉

δX
X −⟨X⟩ δ 2X (δX)2

δ 2X

(X) =
〈
δ 2X

〉
=

∞∫

−∞

(X −⟨X⟩)2 f (X) X =

∞∫

−∞

δ 2X f (X) X
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X ∈ {x1,x2 . . .xn}

(X) =
1
n

n

∑
i=1

(xi −⟨X⟩)2P(X = xi).

x̃ = {x1,x2 . . .xN}

(xi −⟨x̃⟩ )2

N −1 N

(X) =
1

N −1

N

∑
i=1

(xi −⟨X⟩)2.

N−1
N

(X) =
1
N

N

∑
i=1

(xi −⟨X⟩)2.

σ =
√
⟨δ 2X⟩

〈
δXiδXj

〉

X = {X1,X2 . . .Xn}

〈
δXiδXj

〉
=
∫

Rn

δXiδXj f (X1,X2, . . .Xn) X1 X2 . . . Xn

(X) =

⎛

⎜⎜⎜⎝

〈
δ 2X1

〉
⟨δX1δX2⟩ . . . ⟨δX1δXn⟩

⟨δX2δX1⟩
〈
δ 2X2

〉
. . . ⟨δX2δXn⟩

⟨δXnδX1⟩ ⟨δXnδX2⟩ . . .
〈
δ 2Xn

〉

⎞

⎟⎟⎟⎠
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〈
δXiδXj

〉
=〈

δXjδXi
〉

X
f (X) n

⟨Xn⟩=
∞∫

−∞

Xn f (X) X .

n

⟨δ nX⟩= ⟨(X −⟨X⟩)n⟩=
∞∫

−∞

(X −⟨X⟩)n f (X) X .

X̃ = {x1,x2 . . .xN}

〈
δ nX̃

〉
=

1
N

N

∑
i=1

(xi −
〈
X̃
〉
)n,

n
{X1,X2 . . .Xn} m

⟨δXi1δXi2 . . .δXim⟩=
∫

Rn

δXi1δXi2 . . .δXim f (X) Xi1 Xi2 . . . Xin ,

i1, i2 . . . im
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X1 X2

〈
δ 2X1δ 2X2

〉
=
∫

R2

(X1 −⟨X1⟩)2(X2 −⟨X2⟩)2 f (X1,X2) X1 X2,
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σ ≈ 0.07

S
p r

t
S(p,r, t)

p r t

f (q1,q2, . . .qn)

f
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f (q)
q q

q̃ = {q(1),q(2) . . .q(N)}
q f (q(i))
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f (q)
N q̃ = {q(1),q(2) . . .q(N)}

⟨ f (q̃)⟩= 1
N

N

∑
i=1

f (q(i))

〈
δ 2 f (q̃)

〉
=

1
N

N

∑
i=1

[
f (q(i))−⟨ f (q̃)⟩

]2

µ = ⟨q̃⟩ q(i) = δq(i) +µ
⟨q̃⟩
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f (q(i)) = f (µ +δq(i)) =
∞

∑
j=0

1
j!

δ jq(i)
j f
q j (µ) =

= f (µ)+δq(i)
f
q
(µ)+ 1

2
δ 2q(i)

2 f
q2 (µ)+ . . .

f (q(i))

⟨ f (q̃)⟩= 1
N

N

∑
i=1

[
∞

∑
j=0

1
j!

δ jq(i)
j f
q j (µ)

]

⟨ f (q̃)⟩=
∞

∑
j=0

1
j!

[
1
N

N

∑
i=1

δ jq(i)
]

j f
q j (µ).

j

⟨ f (q̃)⟩=
∞

∑
j=0

1
j!
〈
δ jq̃
〉 j f

q j (µ).

〈
δ 2 f (q̃)

〉
=

∞

∑
i=1

∞

∑
j=1

1
i! j!

[〈
δ i+ jq̃

〉
−
〈
δ iq̃
〉〈

δ jq̃
〉] i f

qi

j f
q j .
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f (q) q
⟨q⟩

〈
δ 2q
〉

f (q)

q̃ = {q(1),q(2)}

q(1) = ⟨q⟩+
√
⟨δ 2q⟩

q(2) = ⟨q⟩−
√
⟨δ 2q⟩

q ⟨ f (q)⟩
〈
δ 2 f (q)

〉

f (q̃)

⟨ f (q)⟩ ≈ ⟨ f (q̃)⟩= f (q(1))+ f (q(2))
2

〈
δ 2 f (q)

〉
≈
〈
δ 2 f (q̃)

〉
=

( f (q(1))−⟨ f (q̃)⟩)2 +( f (q(2))−⟨ f (q̃)⟩)2

2
.

f (q)

n
{q1,q2 . . .qn} C

2n

q(±,i) = ⟨q⟩±
√

n∆(i, :),
∆∆T =C,

∆(i, :) i ∆
n √

⟨δ 2q⟩
∆

n = 1
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q̃ = {q(1),q(2) . . .q(N)} δ kq(i)

(q(i)−⟨q̃⟩)k

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⟨q⟩ = 1
N

N
∑

i=1
q(i)

〈
δ 2q
〉

= 1
N

N
∑

i=1
δ 2q(i)

〈
δ 3q
〉

= 1
N

N
∑

i=1
δ 3q(i)

⟨δ mq⟩ = 1
N

N
∑

i=1
δ mq(i)

N−1 N

m m
m=N

q1,q2 . . .qn
qi

qi1 qi2
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⟨qi1⟩ = 1
N

N
∑

i=1
q(i)i1

⟨δqi1δqi2⟩ = 1
N

N
∑

i=1
δq(i)i1 δq(i)i2

⟨δqi1δqi2δqi3⟩ = 1
N

N
∑

i=1
δq(i)i1 δq(i)i2 δq(i)i3

i1, i2, i3, i4 . . .∈
{1,2,3 . . .n}

w(i) q(i)

⟨q̃⟩=
N

∑
i=1

w(i)q(i)

⟨δ mq̃⟩=
N

∑
i=1

w(i)(q(i)−⟨q̃⟩)m

⟨ f (q̃)⟩=
N

∑
i=1

w(i) f (q(i))

⟨δ m f (q̃)⟩=
N

∑
i=1

w(i)( f (q(i))−⟨ f (q̃)⟩)m

∑w(i) = 1
w(i) = 1

N
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 =
N
∑

i=1
w(i)

⟨q⟩ =
N
∑

i=1
w(i)q(i)

〈
δ 2q
〉

=
N
∑

i=1
w(i)(q(i)−⟨q⟩)2

〈
δ 3q
〉

=
N
∑

i=1
w(i)(q(i)−⟨q⟩)3

⟨δ mq⟩ =
N
∑

i=1
w(i)(q(i)−⟨q⟩)m

qi qi
wi

m+ 1 m
N = m+ 1

wi

z

z = c1x1 + c2x2 + . . .+ cnxn,
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a11x1 +a12x2 + . . .+a1nxn = b1

a21x1 +a22x2 + . . .+a2nxn = b2

am1x1 +am2x2 + . . .+amnxn = bm.

z

xi

xi
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q {q1,q2, . . .qn} q̃
q̃ =
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{q(1),q(2) . . .q(N)}

w̃
n

N

q̃ =

⎛

⎜⎜⎜⎜⎝

q(1)1 q(1)2 . . . q(1)n

q(2)1 q(2)2 . . . q(2)n

q(N)
1 q(N)

2 . . . q(N)
n

⎞

⎟⎟⎟⎟⎠

N×n

w̃ =

⎛

⎜⎜⎜⎝

w(1)

w(2)

w(N)

⎞

⎟⎟⎟⎠

N×1

.

⟨q̃⟩T = q̃Tw̃

m

⟨δ mq̃⟩T =
(

q̃T−11×N ⊗ q̃Tw̃
)◦m

w̃.

11×N 1×N ⊗
A◦m m A

A m

⟨q̃⟩=
(
⟨q1⟩ ⟨q1⟩ . . . ⟨qn⟩

)

⟨δ mq̃⟩=
(
⟨δ mq1⟩ ⟨δ mq2⟩ . . . ⟨δ mqn⟩

)
.

q1 q2
⟨qi⟩ = 0

〈
δ 2qi

〉
= 1〈

δ 3qi
〉
= 0〈

δ 4qi
〉
= 3

q̃ = {(
√

3,
√

3),(
√

3,−
√

3),(−
√

3,
√

3),(−
√

3,−
√

3),(0,0)}

w̃ =

{
1
12

,
1

12
,

1
12

,
1
12

,
2
3

}
.
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q̃ =
√

3

⎛

⎜⎜⎜⎜⎝

1 1
1 −1
−1 1
−1 −1
0 0

⎞

⎟⎟⎟⎟⎠
w̃ =

⎛

⎜⎜⎜⎜⎝

1/12
1/12
1/12
1/12
2/3

⎞

⎟⎟⎟⎟⎠
.

⟨q̃⟩T = q̃Tw̃ =
√

3
(

1 1 −1 −1 0
1 −1 1 −1 0

)

⎛

⎜⎜⎜⎜⎝

1/12
1/12
1/12
1/12
2/3

⎞

⎟⎟⎟⎟⎠
=

(
0
0

)
.

〈
δ 2q̃
〉T

=
(

q̃T−11×5 ⊗ q̃Tw̃
)◦2

w̃ =

=

[√
3
(

1 1 −1 −1 0
1 −1 1 −1 0

)
−
(

0 0 0 0 0
0 0 0 0 0

)]◦2

⎛

⎜⎜⎜⎜⎝

1/12
1/12
1/12
1/12
2/3

⎞

⎟⎟⎟⎟⎠
=

=

(
1
1

)
.

q(i)

q(i)
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q
µ σ

µ = 0 σ = 1

23SSM 2016:26



q̃ =

(
q(1)

q(2)

)
w =

(
w(1)

w(2)

)
,

q(1) = −q(2) = q′

w(1) = w(2) = w′

w′+w′ = 1
w′q′ −w′q′ = 0

w′(q′ −0)2 +w′(−q′ −0)2 = 1

w′ = 1
2 q′ = 1

q̃ =

(
1
−1

)
w̃ =

(
1/2
1/2

)
.

q̃ =

⎛

⎝
q(±)

0
−q(±)

⎞

⎠ w̃ =

⎛

⎝
w(±)

w(0)

w(±)

⎞

⎠

±q(±)
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w(±) +w(0) +w(±) = 1
w(±)q(±) +w(0)0−w(±)q(±) = 0

w(±)
(

q(±)
)2

+w(0)02 +w(±)
(

q(±)
)2

= 1

w(±)
(

q(±)
)3

+w(0)03 −w(±)
(

q(±)
)3

= 0

w(±)
(

q(±)
)4

+w(0)04 +w(±)
(

q(±)
)4

= 3,

w(±) = 1/6
w(0) = 2/3 q(±) =

√
3

q̃ =

⎛

⎝

√
3

0
−
√

3

⎞

⎠ w̃ =

⎛

⎝
1/6
2/3
1/6

⎞

⎠ .

n qi
σi

σi = 1 ⟨qi⟩ = 0
q̃

q ⟨q̃⟩ = ⟨q⟩ = 0
〈
δ 2q̃
〉
=
〈
δ 2q
〉
= 1〈

δ 3q̃
〉
=
〈
δ 3q
〉
= 0

〈
δ 4q̃
〉
=
〈
δ 4q
〉
= 3

q̃n

q̃1 =
√

3σ

⎛

⎝
1
−1
0

⎞

⎠ w̃1 =

⎛

⎝
1/6
1/6
2/3

⎞

⎠
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σ

q̃2 =
√

3

⎛

⎝
1 1
−1 −1
0 0

⎞

⎠ w̃2 =

⎛

⎝
1/6
1/6
2/3

⎞

⎠

-2 -1 0 1 2 -2 -1 0 1 2
-2

-1

0

1

2

q̃2 =
√

3

⎛

⎜⎜⎜⎜⎝

1 0
−1 0
0 1
0 −1
0 0

⎞

⎟⎟⎟⎟⎠
w̃2 =

⎛

⎜⎜⎜⎜⎝

1/6
1/6
1/6
1/6
1/3

⎞

⎟⎟⎟⎟⎠
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q̃3 =
√

3

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0
−1 0 0
0 1 0
0 −1 0
0 0 1
0 0 −1

⎞

⎟⎟⎟⎟⎟⎟⎠
w̃3 =

⎛

⎜⎜⎜⎜⎜⎜⎝

1/6
1/6
1/6
1/6
1/6
1/6

⎞

⎟⎟⎟⎟⎟⎟⎠
.

-2 -1 0 1 2
-2

-1

0

1

2

2
1

0
-1

-2

-1

0

1

2

-2 -2
-1

0
1

2
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(
1
−1

)

(
1
−1

)
↪→

⎛

⎜⎜⎝

1 1
1 −1
−1 1
−1 −1

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0
−1 0 0
0 1 0
0 −1 0
0 0 1
0 0 −1

⎞

⎟⎟⎟⎟⎟⎟⎠
↪→

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 0 0
1 −1 0 0
−1 1 0 0
−1 −1 0 0
0 0 1 0
0 0 −1 0
0 0 0 1
0 0 0 −1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

q̃4 =
√

3

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 0 0
1 −1 0 0
−1 1 0 0
−1 −1 0 0
0 0 1 0
0 0 −1 0
0 0 0 1
0 0 0 −1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

w̃4 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1/12
1/12
1/12
1/12
1/6
1/6
1/6
1/6

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

n≥ 3

q̃n =
√

3

⎛

⎝
Ca

Cb
Cc

⎞

⎠ w̃n =

⎛

⎝
Wa
Wb
Wc

⎞

⎠
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Ck k
C(i, j)

k ∈ {−1,1}
Ck

Wk Ck

Ca =C2 =

⎛

⎜⎜⎝

1 1
1 −1
−1 1
−1 −1

⎞

⎟⎟⎠ , Cb =Cc =C1 =

(
1
−1

)

Wa =W2 =

⎛

⎜⎜⎝

1/12
1/12
1/12
1/12

⎞

⎟⎟⎠ , Wb =Wc =W1 =

(
1/6
1/6

)

q
m
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N ≫ m {q(1),q(2) . . .q(N)} q

m = 4 N = 100

wi ≥ 0

4 n
{q1,q2 . . .qn} {q̃1, q̃2 . . . q̃n}

f (q1,q2 . . .qn) n
n

n
n

q̃1 q̃w

(q(i)1 ,q( j)
2 )

w(i)
1 w( j)

2
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q̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

q(1)1 q(1)2
q(1)1 q(2)2

q(1)1 q(N2)
2

q(2)1 q(1)2

q(N1)
1 q(N2−1)

2
q(N1)

1 q(N2)
2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

w̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

w(1)
1 w(1)

2
w(1)

1 w(2)
2

w(1)
1 w(N2)

2
w(2)

1 w(1)
2

w(N1)
1 w(N2−1)

2
w(N1)

1 w(N2)
2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

q̃i Ni

q̃1 q̃2 q(i)k
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N1N2
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n {q1,q2 . . .qn}
C

n
Cn×n {b̂1, b̂2 . . . b̂n}
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∆n×n

∆∆T =C.

∆
C = SDST ∆ = S

√
DST

{b̂1, b̂2 . . . b̂n}

b̂i =
∆(i, :)

||∆(i, :)|| ,

∆(i, :) i ∆ ∆

qi Ni

q̃i = {q(1)i q(2)i . . .q(Ni)
i },

q(k) = q(i1)1 b̂1 +q(i2)2 b̂2 + . . .+q(in)n b̂n

i1, i2, . . . , in

w(k) = w(i1)
1 w(i2)

2 . . .w(in)
n .

q̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

q(1)1 b̂1 +q(1)2 b̂2 + . . .+q(1)n b̂n

q(1)1 b̂1 +q(1)2 b̂2 + . . .+q(2)n b̂n

q(1)1 b̂1 +q(1)2 b̂2 + . . .+q(3)n b̂n

q(N1)
1 b̂1 +q(N2)

2 b̂2 + . . .+q(Nn−1)
n b̂n

q(N1)
1 b̂1 +q(N2)

2 b̂2 + . . .+q(Nn)
n b̂n

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

w̃ =

⎛

⎜⎜⎜⎜⎜⎜⎝

w(1)
1 w(1)

2 . . .w(1)
n

w(1)
1 w(1)

2 . . .w(2)
n

w(N1)
1 w(N2)

2 . . .w(Nn−1)
n

w(N1)
1 w(N2)

2 . . .w(Nn)
n

⎞

⎟⎟⎟⎟⎟⎟⎠
.
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q̃ = q̃

⎛

⎜⎜⎜⎝

b̂1
b̂2

b̂n

⎞

⎟⎟⎟⎠
.

N1N2 . . .Nn
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n {q1,q2 . . .qn}
C

q̃ =√
3
(
1 0 −1

)T

[−
√

3,
√

3]n
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q̃n =
√

3
(

Cn
01×n

)
,

q

q(0) = 0

q(+) =−q(−) = q(±)

q̃ =

⎛

⎝
−q(±)

0
q(±)

⎞

⎠ w̃ =

⎛

⎝
w(±)

w(0)

w(±)

⎞

⎠ ,
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w(±) +w(0) +w(±) = 1
−w(±)q(±) +0+w(±)q(±) = 0

w(±)
(
−q(±)

)2
+0+w(±)

(
q(±)

)2
=
〈
δ 2q
〉

w(±)
(
−q(±)

)3
+0+w(±)

(
q(±)

)3
= 0

w(±)
(
−q(±)

)4
+0+w(±)

(
q(±)

)4
=
〈
δ 4q
〉

q(±) w(±) w(0)

2w(±) +w(0) = 1

2w(±)
(

q(±)
)2

=
〈
δ 2q
〉

2w(±)
(

q(±)
)4

=
〈
δ 4q
〉
.

w(±) =

〈
δ 2q
〉2

2⟨δ 4q⟩

w(0) = 1−
〈
δ 2q
〉2

⟨δ 4q⟩

q(±) =

√
⟨δ 4q⟩
⟨δ 2q⟩

q̃ =

√
⟨δ 4q⟩
⟨δ 2q⟩

⎛

⎝
1
−1
0

⎞

⎠ , w̃ =

⎛

⎜⎜⎜⎜⎝

⟨δ 2q⟩2

2⟨δ 4q⟩
⟨δ 2q⟩2

2⟨δ 4q⟩

1− ⟨δ 2q⟩2

⟨δ 4q⟩

⎞

⎟⎟⎟⎟⎠
,
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q̃2 =

√
⟨δ 4q⟩
⟨δ 2q⟩

⎛

⎜⎜⎜⎜⎝

1 0
−1 0
0 1
0 −1
0 0

⎞

⎟⎟⎟⎟⎠
, w̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⟨δ 2q⟩2

2⟨δ 4q⟩
⟨δ 2q⟩2

2⟨δ 4q⟩
⟨δ 2q⟩2

2⟨δ 4q⟩
⟨δ 2q⟩2

2⟨δ 4q⟩

1−2⟨δ 2q⟩2

⟨δ 4q⟩

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

1− 2⟨δ 2q⟩2

⟨δ 4q⟩

q [−1,1]〈
δ 2q
〉
= 1

3
〈
δ 4q
〉
= 1

5

1−2
〈
δ 2q
〉2

⟨δ 4q⟩ =−1
9

q̃2

q̃2 =

√
⟨δ 4q⟩
⟨δ 2q⟩

⎛

⎜⎜⎜⎜⎝

1 1
1 −1
−1 −1
−1 1
0 0

⎞

⎟⎟⎟⎟⎠
, w̃2 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⟨δ 2q⟩2

4⟨δ 4q⟩
⟨δ 2q⟩2

4⟨δ 4q⟩
⟨δ 2q⟩2

4⟨δ 4q⟩
⟨δ 2q⟩2

4⟨δ 4q⟩

1− ⟨δ 2q⟩2

⟨δ 4q⟩

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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√
⟨δ 4q⟩/⟨δ 2q⟩〈

δ 2q
〉2
/
〈
δ 4q
〉

σ = 1 σ = 0.2

(x) =

{
1, n ≥ 0
0, n < 0
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σ = 0.2
σ = 1
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σ = 0.2

f (q) = q4 σq = 0.2 f (q) = q8 σq = 0.2

f (q) = cos(q) σq = 0.2 f (q) = cos(4q) σq = 0.2
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f (q) = eq σq = 0.2 f (q) = e2q σq = 0.2

f (q) = q (q−1.1) σq = 0.2

σ = 1

46SSM 2016:26



f (q) = q4 σq = 1 f (q) = q8 σq = 1

f (q) = cos(q) σq = 1 f (q) = cos(4q) σq = 1

f (q) = eq σq = 1 f (q) = e2q σq = 1
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f (q) = q (q−1.1) σq = 1

q1
µ = 1 σ = 0.1 q2 q3
α = 6 β = 1 ≈ 0.93

≈ 0.18

107

(q1 +q2 +q3)4 (q1 +q2 +q3)6
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cos(q1 +q2 +q3) cos
(
(q1 +q2 +q3)4)

eq1+q2+q3

σ = 0.1

C = σ 2

⎛

⎝
1 0.02 0

0.02 1 0.6
0 0.6 1

⎞

⎠
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(q1 +q2 +q3)4 (q1 +q2 +q3)6

cos(q1 +q2 +q3) cos
(
(q1 +q2 +q3)4)

eq1+q2+q3
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κ ε
Cµ Cε σκ κ B

κ ε

f (x)

Cµ
α
β
( x

β
)α−1e−(x/β )α α = 45.54

β = 8.77 ·10−2

Cε2
(x−A1)p−1(A2−x)q−1

A2∫

A1
(x−A1)p−1(A2−x)q−1 x

A1 = 1.8 A2 = 2.2
p = 1.2 q = 2.0

σκ
1

σ
√

2π e
−(x−µ)

2σ2 µ = 1.0
σ = 1.67 ·10−2

κ 1
σ
√

2π e
−(x−µ)

2σ2 µ = 0.41
σ = 4.89 ·10−3

B 1
σ
√

2π e
−(x−µ)

2σ2 µ = 5.2
σ = 0.10

σκ κ B
Cµ Cε2
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(∑qi)4 (∑qi)8

cos((4∑qi)) e(∑qi)

(−8.6+∑qi)∑qi
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σ = 0.2
e2q

q8

σ = 0.2

σ = 1

q8

e2q

q8 e2q
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cos(4q)

2π/4 σ = 1

σ = 0.2

σ = 1

σ = 0.2 σ = 1

cos(4q)
σ = 0.2

σ = 1
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f (q) = q (q−1.1)

σ = 0.2 f (q) = q (q−1.1)
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2.1x+ 4.7
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2.2x+1.15

62SSM 2016:26



63SSM 2016:26



0.50x2 +3.52x+0.39
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x2

2 + x
2 + 2
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⟨ f (q̃)⟩=
∞

∑
i=0

1
i!
〈
δ iq̃
〉 i f

qi (µ)

σ = 4

⟨ f (q̃)⟩= f (µ)+8
2 f
q2 +32

4 f
q4 +85.333

6 f
q6 +170.667

8 f
q8 +

+273.1
10 f
q10 +364.1

12 f
q12 +416.1

14 f
q14 +416.1

16 f
q16 +

+369.1
18 f
q18 +295.9

20 f
q20 +215.2

22 f
q22 +143.5

24 f
q24 + . . . .

f

f (x) = ex

〈
δ 2 f (q̃)

〉
=

∞

∑
i=1

∞

∑
j=1

1
i! j!

[〈
δ i+ jq̃

〉
−
〈
δ iq̃
〉〈

δ jq̃
〉] i f

qi

j f
q j ,

1
33!2

[〈
δ 66q̃

〉
−
〈
δ 33q̃

〉〈
δ 33q̃

〉]( 33 f
q33

)2

≈ 5.3 ·1011
( 33 f

q33

)2
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cos(4q)
q µ = 1 σ = 1

⟨cos(4q̃)⟩=
∞

∑
i=0

1
i!
〈
δ iq̃
〉 i cos(4q)

qi

∣∣∣∣
q=1

≈

≈−0.65+5.23−20.9+55.8−111+
+178−238+272−272+242−193+ . . .

1
31!2

[〈
δ 62q̃

〉
−
〈
δ 31q̃

〉〈
δ 31q̃

〉]( 31 cos(4q)
q31

)2∣∣∣∣
q=1

≈ 3.2 ·1011.

σ = 0.2

⟨cos(4q̃)⟩=
∞

∑
i=0

1
i!
〈
δ iq̃
〉 i cos(4q)

qi

∣∣∣∣
q=1

≈−0.65+0.21−0.033 =−0.47

〈
δ 2 cos(4q̃)

〉
=

∞

∑
i=1

∞

∑
j=1

1
i! j!

[〈
δ i+ jq̃

〉
−
〈
δ iq̃
〉〈

δ jq̃
〉] i cos(4q)

qi

j cos(4q)
q j ≈

≈ 0.367−2 ·0.117+0.0875 = 0.2195,

σ ≈ 0.469
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κ ε
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b∫

a

f (x) x = (b−a)⟨ f (x)⟩x∈[a,b] = (b−a) lim
N→∞

1
N

N

∑
i=1

f (xi),

xi [a,b]
N

q̃

b∫

a

f (x) x = (b−a)⟨ f (x)⟩x∈[a,b] = (b−a)
n

∑
i=1

w(i) f (q(i)),

⟨ f (x)⟩x∈[a,b]

⟨ f (x)⟩x∈[a,b] ≈ ⟨ f (q̃)⟩=
∞

∑
i=0

1
i!
〈
δ iq̃
〉 i f

qi (µ).

〈
δ iq̃
〉
=

1
b−a

b∫

a

(
x− a+b

2

)i

x =

{
0, i
(b−a)i

2i(i+1) , n .

i
[a,b]
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[0,4]
x,y ∈ [0,4]

[0,4]

x4 −4x3 +3x2 −2x+1
x4 + y3 −3(x+ y)2

ex
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q̃1 q̃2

q̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

q(1)1 q(1)2
q(1)1 q(2)2

q(1)1 q(N2)
2

q(2)1 q(1)2

q(N1)
1 q(N2−1)

2
q(N1)

1 q(N2)
2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

w =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

w(1)
1 w(1)

2
w(1)

1 w(2)
2

w(1)
1 w(N2)

2
w(1)

2 w(1)
2

w(1)
N1

w(N2−1)
2

w(1)
N1

w(N2)
2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

n q̃
n

q̃

⟨δ nq̃⟩=
N

∑
i=1

w(i) δ nq(i) ,

⟨δ nq̃⟩=
N1

∑
i=1

N2

∑
j=1

w(i)
1 w( j)

2

(
δ nq(i)1 δ nq( j)

2

)
.

⟨δ nq̃⟩=
( N1

∑
i=1

N2
∑
j=1

w(i)
1 w( j)

2 δ nq(i)1

N1
∑

i=1

N2
∑
j=1

w(i)
1 w( j)

2 δ nq( j)
2

)

w(i)
1 w( j)

2
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⟨δ nq̃⟩=
( N2

∑
j=1

w( j)
2

N1
∑

i=1
w(i)

1 δ nq(i)1

N1
∑

i=1
w(i)

1

N2
∑
j=1

w( j)
2 δ nq( j)

2

)
.

⟨δ nq̃⟩=
( N1

∑
i=1

w(i)
1 δ nq(i)1

N2
∑
j=1

w( j)
2 δ nq( j)

2

)
=
(
⟨δ nq̃1⟩ ⟨δ nq̃2⟩

)

n+m q̃

⟨δ nq̃aδ mq̃b⟩=
N

∑
i=1

w(i)δ nq(i)a δ mq(i)b .

⟨δ nq̃1δ mq̃2⟩=
N1

∑
i=1

N2

∑
j=1

w(i)
1 w( j)

2 δ nq(i)1 δ mq( j)
2

⟨δ nq̃1δ mq̃2⟩=
N1

∑
i=1

w(i)
1 δ nq(i)1

N2

∑
j=1

w( j)
2 δ mq( j)

2

⟨δ nq̃1δ mq̃2⟩= ⟨δ nq̃1⟩⟨δ mq̃2⟩ .

q = q1 = q2 ⟨δ n+mq̃⟩ ̸= ⟨δ nq̃⟩⟨δ mq̃⟩

n = m = 1
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q1 q2
N

N
q1 q2

n+m

⟨δ nq1δ mq2⟩=
1
N

N

∑
i=1

δ nq(i)1 δ mq(i)2

⟨δ nq1⟩⟨δ mq2⟩

⟨δ nq1⟩⟨δ mq2⟩=
1
N

N

∑
i=1

δ nq(i)1
1
N

N

∑
i=1

δ mq(i)2

⟨δ nq1⟩⟨δ mq2⟩=
1

N2

N

∑
i=1

N

∑
j=1

δ nq(i)1 δ mq( j)
2 .

i = j j i
j

⟨δ nq1⟩⟨δ mq2⟩=
1

N2

N

∑
i=1

N

∑
j=1

δ nq(i)1 δ mq( j)
2 =

=
1

N2

(
δ nq(1)1 δ mq(1)2 +δ nq(2)1 δ mq(2)2 + . . .+δ nq(N)

1 δ mq(N)
2 +

δ nq(1)1 δ mq(2)2 +δ nq(2)1 δ mq(3)2 + . . .+δ nq(N)
1 δ mq(1)2 +

+δ nq(1)1 δ mq(3)2 +δ nq(2)1 δ mq(4)2 + . . .+δ nq(N)
1 δ mq(2)2 +

+δ nq(1)1 δ mq(N)
2 +δ nq(2)1 δ mq(1)2 + . . .+δ nq(N)

1 δ mq(N−1)
2

)
.

⟨δ nq1⟩⟨δ mq2⟩=
1
N

N−1

∑
k=0

(
1
N

N

∑
i=1

δ nq(i)1 δ mq((i+k) N)
2

)

(i+k) N (i+k)
N q1 q2
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⟨δ nq1⟩⟨δ mq2⟩=
1
N

N−1

∑
k=0

〈
δ nqqδ mq1

〉

⟨δ nq1⟩⟨δ mq2⟩= ⟨δ nq1δ mq2⟩
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z z
{x1,x2, . . .xn} :

xi > 0 ∀ i

z = c1x1 + c2x2 + . . .+ cnxn

a11x1 +a12x2 + . . .+a1nxn = b1

a21x1 +a22x2 + . . .+a2nxn = b2

am1x1 +am2x2 + . . .+amnxn = bm

z− c1x1 − c2x2 − . . .− cnxn = 0
a11x1 +a12x2 + . . .+a1nxn = b1

a21x1 +a22x2 + . . .+a2nxn = b2

am1x1 +am2x2 + . . .+amnxn = bm

⎛

⎜⎜⎜⎜⎜⎝

1 −c1 −c2 . . . −cn
0 a11 a12 . . . a1n
0 a21 a22 . . . a2n

0 am1 am2 . . . amn

⎞

⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎝

z
x1
x2

xn

⎞

⎟⎟⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎜⎜⎝

0
b1
b2

bm

⎞

⎟⎟⎟⎟⎟⎠
.

n = m
z
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⎛

⎜⎜⎜⎜⎜⎝

1 0 0 . . . 0 a′0m+1 . . . a′0n
0 1 0 . . . 0 a′1m+1 . . . a′1n
0 0 1 . . . 0 a′2m+1 . . . a′2n

0 0 0 . . . 1 a′mm+1 . . . a′mn

⎞

⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎝

z
x1
x2

xn

⎞

⎟⎟⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎜⎜⎝

b′0
b′1
b′2

b′m

⎞

⎟⎟⎟⎟⎟⎠
.

xi

xi =

{
b′i i ≤ m
0 i > m

z = b′0.

z = b′0

b′i xi

xi

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 . . . 0 0 . . . 0 0 0 . . . 0
a11 . . . 0 a1,i . . . 0 a′1 j 1 . . . a′1N

a21 . . . a2,i . . . 0 a′2 j . . . a′2N

. . . 1 . . . . . .

. . . a2,i . . . . . .

. . . a2,i . . . 1 a′m, j 0 . . .
am+1,1 . . . 0 a2,i . . . 0 a′m+1, j 0 . . . a′m+1,N

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎝

z
x1
x2

xN

⎞

⎟⎟⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎜⎜⎝

1
b′1
b′2

b′m+1

⎞

⎟⎟⎟⎟⎟⎠
,

b′i
xi ≥ 0

z
a′0i

z
z

b′i > 0
z
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z
z′ =−z

xi

N q̃
q m

⎛

⎜⎜⎜⎜⎜⎝

1 1 . . . 1
q(1) q(2) . . . q(N)

δ 2q(1) δ 2q(2) . . . δ 2q(N)

δ mq(1) δ mq(2) . . . δ mq(N)

⎞

⎟⎟⎟⎟⎟⎠

(m+1)×N

⎛

⎜⎜⎜⎜⎜⎝

w(1)

w(2)

w(3)

w(N)

⎞

⎟⎟⎟⎟⎟⎠

N×1

=

⎛

⎜⎜⎜⎜⎜⎝

1
⟨q⟩〈
δ 2q
〉

⟨δ mq⟩

⎞

⎟⎟⎟⎟⎟⎠

(m+1)×1

N > m+1

wi ≥ 0

z = w1 +w2 + . . .+wn

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 −1 . . . −1
0 1 1 . . . 1
0 q(1) q(2) . . . q(N)

0 δ 2q(1) δ 2q(2) . . . δ 2q(N)

0
0 δ mq(1) δ mq(2) . . . δ mq(N)

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

z
w(1)

w(2)

w(3)

w(N)

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0
1
⟨q⟩〈
δ 2q
〉

⟨δ mq⟩

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

z
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⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 . . . 0 0 . . . 0 0 0 . . . 0
a11 . . . 0 a1,i . . . 0 a′1 j 1 . . . a′1N

a21 . . . a2,i . . . 0 a′2 j . . . a′2N

. . . 1 . . . . . .

. . . a2,i . . . . . .

. . . a2,i . . . 1 a′m, j 0 . . .
am+1,1 . . . 0 a2,i . . . 0 a′m+1, j 0 . . . a′m+1,N

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎝

z
w(1)

w(2)

w(N)

⎞

⎟⎟⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎜⎜⎝

1
b′1
b′2

b′m+1

⎞

⎟⎟⎟⎟⎟⎠
,

w(i) = b′i

n
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q̃n =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
3σ

⎛

⎜⎝
1
−1
0

⎞

⎟⎠+

⎛

⎜⎝
⟨q⟩
⟨q⟩
⟨q⟩

⎞

⎟⎠ n = 1

√
3

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0
−1 0
0 1
0 −1
0 0

⎞

⎟⎟⎟⎟⎟⎟⎠
Σ+M, n = 2

√
3

⎛

⎜⎝
Ca

Cb
Cc

⎞

⎟⎠Σ+M, n ≥ 3.

Σ

Σ =

⎛

⎜⎜⎜⎝

σ1 0 . . . 0
0 σ2 . . . 0

0 0 . . . σn

⎞

⎟⎟⎟⎠
.

M

M =

⎛

⎜⎝
⟨q1⟩ ⟨q2⟩ . . . ⟨qn⟩
⟨q1⟩ ⟨q2⟩ . . . ⟨qn⟩

⎞

⎟⎠ .

wn q̃n

w̃n =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1/6 1/6 2/3

)T
, n = 1

(
1/6 1/6 1/6 1/6 1/3

)T
, n = 2

⎛

⎜⎝
Wa

Wb

Wc

⎞

⎟⎠ , n ≥ 3.

n ≥ 3 Wk
Ck Ck r Wk

Wk =
1
3r

⎛

⎜⎝
1

1

⎞

⎟⎠

r×1
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Ca Cb Cc

a = ⌊ n
3⌋+δ ( n

3 ),2

b = ⌊ n
3⌋+δ ( n

3 ),1

c = ⌊n
3⌋,

⌊n
3⌋ (n

3)
δi j

Ck

n qi

q̃n =

(
Cn

01×n

)
Ω+M, w̃ =

(
W

1− ⟨δ 2q⟩2

⟨δ 4q⟩

)
.

Ω Σ
Ω

Ω =

⎛

⎜⎜⎜⎜⎜⎜⎝

√
⟨δ 4q1⟩
⟨δ 2q1⟩

0 . . . 0

0
√

⟨δ 4q2⟩
⟨δ 2q2⟩

. . . 0

0 0 . . .
√

⟨δ 4qn⟩
⟨δ 2qn⟩

⎞

⎟⎟⎟⎟⎟⎟⎠

W

W =
1
r

〈
δ 2q
〉2

⟨δ 4q⟩

⎛

⎜⎝
1

1

⎞

⎟⎠

r×1

Cn
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Cn
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n
n

[−1,1]n

Cn =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(
1
−1

)
, n = 1

(
12n−1×1 Cn−1

−12n−1×1 Cn−1

)
, n ≥ 1

C1 =

(
1
−1

)

C2 =

⎛

⎜⎜⎝

1 1
1 −1
−1 1
−1 −1

⎞

⎟⎟⎠

C3 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1
1 1 −1
1 −1 1
1 −1 −1
−1 1 1
−1 1 −1
−1 −1 1
−1 −1 −1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

C4 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1
1 1 1 −1
1 1 −1 1
1 1 −1 −1
1 −1 1 1
1 −1 1 −1
1 −1 −1 1
1 −1 −1 −1
−1 1 1 1
−1 1 1 −1
−1 1 −1 1
−1 1 −1 −1
−1 −1 1 1
−1 −1 1 −1
−1 −1 −1 1
−1 −1 −1 −1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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1 −1

Hn n n×n
H(i, j)

n ∈ {−1,1}

H2n =

⎧
⎪⎪⎨

⎪⎪⎩

(
1
)
, 2n = 1

(
H2n−1 H2n−1

H2n−1 −H2n−1

)
, 2n > 1

1,2,4,8 . . .
4k

k

H1 =
(
1
)

H2 =

(
1 1
1 −1

)

H4 =

⎛

⎜⎜⎝

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

⎞

⎟⎟⎠

Dn =

(
Hn
−Hn

)
,

Hn ±1
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n
n

En = Dm(:,1 : n),

n m ≥ n
Dm(:,1 : n) n

Dm
En n

E1 =

(
1
−1

)

E2 =

⎛

⎜⎜⎝

1 1
1 −1
−1 −1
−1 1

⎞

⎟⎟⎠

E3 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1
1 −1 1
1 1 −1
1 −1 −1
−1 −1 −1
−1 1 −1
−1 −1 1
−1 1 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

E4 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1
−1 −1 −1 −1
−1 1 −1 1
−1 −1 1 1
−1 1 1 −1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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E5 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 1
1 −1 1 −1 1
1 1 −1 −1 1
1 −1 −1 1 1
1 1 1 1 −1
1 −1 1 −1 −1
1 1 −1 −1 −1
1 −1 −1 1 −1
−1 −1 −1 −1 −1
−1 1 −1 1 −1
−1 −1 1 1 −1
−1 1 1 −1 −1
−1 −1 −1 −1 1
−1 1 −1 1 1
−1 −1 1 1 1
−1 1 1 −1 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

E6 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 1 1
1 −1 1 −1 1 −1
1 1 −1 −1 1 1
1 −1 −1 1 1 −1
1 1 1 1 −1 −1
1 −1 1 −1 −1 1
1 1 −1 −1 −1 −1
1 −1 −1 1 −1 1
−1 −1 −1 −1 −1 −1
−1 1 −1 1 −1 1
−1 −1 1 1 −1 −1
−1 1 1 −1 −1 1
−1 −1 −1 −1 1 1
−1 1 −1 1 1 −1
−1 −1 1 1 1 1
−1 1 1 −1 1 −1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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q

f (q) = e−q.

⟨q⟩= 1
〈
δ 2q
〉
= 1

〈
δ 3q
〉
= 2

〈
δ 4q
〉
= 9.

cos(q) q

q̃ = {q(1),q(2),q(3),q(4)}

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 = 1
N

[
q(1) +q(2) +q(3) +q(4)

]

1 = 1
N

[
(q(1)−1)2 +(q(2)−1)2 +(q(3)−1)2 +(q(4)−1)2]

2 = 1
N

[
(q(1)−1)3 +(q(2)−1)3 +(q(3)−1)3 +(q(4)−1)3]

9 = 1
N

[
(q(1)−1)4 +(q(2)−1)4 +(q(3)−1)4 +(q(4)−1)4]

q(1) ≈ 0.76−1.36i
q(2) ≈ 3.17
q(3) ≈ −0.69
q(4) ≈ 0.76+1.36i.
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⟨cos(q)⟩ ≈

≈ 1
4

[
cos(q(1))+ cos(q(2))+ cos(q(3))+ cos(q(4))

]
≈

≈ 1
4
[cos(0.76−1.36i)+ cos(3.17)+ cos(−0.69)+ cos(0.76+1.36i)]≈

≈ 0.69.

〈
δ 2 cos(q)

〉
≈

≈ 1
N

[
(cos(q(1))−0.69)2 + . . .+(cos(q(4))−0.69)2

]
≈

≈ 0.26.

q

f (q) = e−q, q ∈ [0,∞).

⟨q⟩= 1
〈
δ 2q
〉
= 1

〈
δ 3q
〉
= 2

〈
δ 4q
〉
= 9.

cos(q) q
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q(i) w(i)

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1 = w(1) +w(2) +w(3) +w(4) +w(5)

1 = w(1)q(1) +w(2)q(2) +w(3)q(3) +w(4)q(4) +w(5)q(5)

1 = w(1)(q(1)−1)2 +w(2)(q(2)−1)2 +w(3)(q(3)−1)2 +w(4)(q(4)−1)2 +w(5)(q(5)−1)2

2 = w(1)(q(1)−1)3 +w(2)(q(2)−1)3 +w(3)(q(3)−1)3 +w(4)(q(4)−1)3 +w(5)(q(5)−1)3

9 = w(1)(q(1)−1)4 +w(2)(q(2)−1)4 +w(3)(q(3)−1)4 +w(4)(q(4)−1)4 +w(5)(q(5)−1)4

q(i)

q(1) = 0

q(2) = 1

q(3) = 1.5

q(4) = 2

q(5) = 3.

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1 = w(1) +w(2) +w(3) +w(4) +w(5)

1 = 0w(1) +1w(2) +1.5w(3) +2w(4) +3w(5)

1 = 1w(1) +0w(2) +0.52w(3) +1w(4) +22w(5)

2 =−1w(1) +0w(2) +0.53w(3) +1w(4) +23w(5)

9 = 1w(1) +0w(2) +0.54w(3) +1w(4) +24w(5).

w(1) ≈ 0.61

w(2) ≈−3.0

w(3) ≈ 7.1

w(4) ≈−4.5

w(5) ≈ 0.78.
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cos(q)

⟨cos(q)⟩ ≈
≈ w(1) cos(q(1))+w(2) cos(q(2))+w(3) cos(q(3))+w(4) cos(q(4))+w(5) cos(q(5))≈

≈ 0.61cos(0)−3.0cos(1)+7.1cos(1.5)−4.5cos(2)+0.78cos(3)≈
≈ 0.60.

〈
δ 2 cos(q)

〉
≈

≈ w(1)
(

cos(q(1))−0.60
)2

+ . . .+w(5)
(

cos(q(5))−0.60
)2

≈

≈−0.60.
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q̃ =

(
µ −σ
µ +σ

)
w̃ =

(
1/2
1/2

)
,

q̃ =

⎛

⎝
µ −

√
3σ

µ
µ +

√
3σ

⎞

⎠ w̃ =

⎛

⎝
1/6
2/3
1/6

⎞

⎠ ,

q̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2.304616σ +µ
−0.016909σ +µ
0.970453σ +µ
2.557482σ +µ
1.565832σ +µ
−0.606727σ +µ
−0.845351σ +µ

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

w̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.047800
0.250499
0.316545
0.025754
0.016841
0.019078
0.323482

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

µ = 1
σ = 0.2
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µ = 1 σ = 0.2

f (q) 107

q4

q8

cos(q)

cos(4q)

eq

e2q

q (q−1.1)

σ = 1 µ = 1

µ = 1 σ = 1

f (q) 107

q4

q8

cos(q)

cos(4q)

eq

e2q

qH(q−1.1)
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q1
µ = 1 σ = 0.1 q2 q3
α = 6 β = 1 ≈ 0.93

≈ 0.18

107

107

f (q1,q2,q3) 107

(q1 +q2 +q3)4

(q1 +q2 +q3)6

e(q1+q2+q3)

cos(q1 +q2 +q3)

cos((q1 +q2 +q3)4)

σ = 0.1
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f (q1,q2,q3) 107

(q1 +q2 +q3)4

(q1 +q2 +q3)6

e(q1+q2+q3)

cos(q1 +q2 +q3)

cos((q1 +q2 +q3)4)

κ −ε
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κ ε

107

(∑qi)4

(∑qi)8

cos((4∑qi))

e(∑qi)

(−8.6+∑qi)∑qi

q1 µ = 1 σ = 0.1 q2 q3
α = 6 β = 1 q̃

q̃ q̃

q̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.9 0.92693 0.92801
0.9 0.92693 0.35668
0.9 1.3857 0.92801
1.1 0.44957 0.92801
1.1 0.44957 1.3104
1.1 0.92693 0.92801
1.1 0.92693 0.35668
1.1 1.3857 0.92801
1.1 1.3857 1.3104

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

w̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.49889
0.00025367
0.00085789
0.028309
0.043198
0.29398

0.059255
0.030315
0.044945

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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q̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.82679 0.62283 0.58692
0.82679 0.62283 1.2123
0.82679 0.95649 0.93679
0.82679 0.95649 1.1932
0.82679 1.2476 0.58692

1 0.99012 0.93679
1 0.62283 1.1932
1 0.95649 0.9262
1 0.95649 0.93679
1 1.2476 1.2123

1.1732 0.99012 1.1932
1.1732 0.95649 0.9262
1.1732 1.2476 0.9262
1.1732 0.59595 0.58692

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

w̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.027618
0.060407
0.012344

0.0099932
0.056304
0.0457

0.035929
0.4912

0.067585
0.02625
0.058251

0.0017574
0.036087
0.070572

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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q̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.82679 1.3012 0.96052
0.82679 0.61074 0.35621
0.82679 0.61074 0.96052
0.82679 0.94864 0.99418
0.82679 0.94864 0.61386
0.82679 0.94864 1.2499
0.82679 0.94864 0.35621
0.82679 0.94864 0.96052
0.82679 0.3125 0.61386
0.82679 1.2177 0.61386
0.82679 1.2177 1.2499
0.82679 1.2177 0.96052

1 0.61074 0.61386
1 0.61074 1.2499
1 0.61074 0.96052
1 0.94864 0.61386
1 0.94864 1.2499
1 0.94864 0.96052
1 0.3125 0.96052
1 1.2177 0.61386
1 1.2177 0.96052

1.1732 1.3012 0.96052
1.1732 0.61074 0.61386
1.1732 0.61074 0.96052
1.1732 0.94864 0.99418
1.1732 0.94864 0.61386
1.1732 0.94864 1.2499
1.1732 0.94864 0.96052
1.1732 0.3125 0.96052
1.1732 1.2177 0.61386
1.1732 1.2177 1.2499

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

w̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.00068992
8.0458
0.030937
0.021847
0.026005
0.0088534
5.5219
0.053019
2.7124
0.0069034
0.0094503
0.0087998
0.03591

0.022321
0.065428
0.076958
0.057431
0.30383

0.00039582
0.016791
0.087604
0.0061707

0.00021641
0.028191
0.027613
0.026413
0.0086525
0.052506

0.00067619
0.0068636
0.0093649

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

σ = 0.1

C = σ 2

⎛

⎝
1 0.02 0

0.02 1 0.6
0 0.6 1

⎞

⎠
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q̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

1.1 1.1 1.1
1.1 1.1 0.9
1.1 0.9 1.1
1.1 0.9 0.9
0.9 1.1 1.1
0.9 0.9 1.1
0.9 0.9 0.9

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

w̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.155
0.100
0.095
0.150
0.245
0.005
0.250

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

q̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1.1732 1.1732 1.1732
1.1732 1.1732 0.82679
1.1732 0.82679 1.1732
1.1732 0.82679 0.82679

0.82679 1.1732 1.1732
0.82679 0.82679 1.1732
0.82679 0.82679 0.82679

1 1 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

w̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.051667
0.033333
0.031667

0.05
0.081667
0.0016667
0.083333
0.66667

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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q̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1.2491 1.1209 0.91764
0.85459 0.87524 0.97737
0.85626 1.0258 1.0276
0.8631 1.0232 1.0194
1.0112 0.91821 1.1183
1.0094 0.47851 0.47832
1.0151 1.1184 0.91804
1.0146 1.2186 1.2184
1.0133 1.0248 1.0192

0.58902 1.2376 1.2897
1.1719 0.73486 0.56295
1.1708 0.94989 1.1907
1.1729 1.0264 1.0189
1.0238 1.3127 1.3125
1.0239 1.2892 1.2419
1.0204 0.82464 0.82005
1.0201 0.87699 0.97709
1.0168 0.68715 1.1039
1.0175 0.5635 0.73299
1.0234 1.1709 1.0751
1.0221 0.97735 0.87672
1.0215 1.0753 1.1706

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

w̃ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.013112
0.036678
0.15967
0.055697

0.0048227
1.2252e−05
0.0085342
0.0079886
0.075825

0.0013674
0.00068884
0.034299
0.085541

0.0010115
0.003553
0.0777

0.11153
0.0017618

0.00046851
0.10505
0.15007
0.064616

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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Strålsäkerhetsmyndigheten
Swedish Radiation Safety Authority 

SE-171 16  Stockholm Tel: +46 8 799 40 00 E-mail: registrator@ssm.se
Solna strandväg 96 Fax: +46 8 799 40 10  Web: stralsakerhetsmyndigheten.se

2016:26 The Swedish Radiation Safety Authority has a 
comprehensive responsibility to ensure that 
society is safe from the effects of radiation.  
The Authority works to achieve radiation safety 
in a number of areas: nuclear power, medical 
care as well as commercial products and  
services. The Authority also works to achieve 
protection from natural radiation and to  
increase the level of radiation safety  
internationally. 

The Swedish Radiation Safety Authority works 
proactively and preventively to protect people 
and the environment from the harmful effects 
of radiation, now and in the future. The Authority 
issues regulations and supervises compliance, 
while also supporting research, providing  
training and information, and issuing advice.  
Often, activities involving radiation require 
licences issued by the Authority. The Swedish 
Radiation Safety Authority maintains emergency 
preparedness around the clock with the aim of 
limiting the aftermath of radiation accidents  
and the unintentional spreading of radioactive  
substances. The Authority participates in  
international co-operation in order to promote 
radiation safety and finances projects aiming 
to raise the level of radiation safety in certain 
Eastern European countries.

The Authority reports to the Ministry of the 
Environment and has around 300 employees 
with competencies in the fields of engineering, 
natural and behavioural sciences, law, economics 
and communications. We have received quality, 
environmental and working environment  
certification.
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